LECTURE NOTES ON MINIMAL SURFACES

QI ZHOU

ABSTRACT. This lecture note was taken for the class on minimal surfaces given by
Professor Chao Xia (Xiamen University) in the summer school on Differential Geom-
etry in the Hangzhou Dianzi University, July 2021.

The class includes three parts, geometry of submanifolds, Bernstein theorem and
Plateau problem. However, this note contains only the first two parts (The Plateau
problem is just an introduction in the class).

The main references for this note are [1] and [2]. We can refer to the Chapter 4 of

[3] and the note written by Professor Xin Zhou (Cornell University).
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Suppose M is Riemannian manifold with metric g and Levi-Civita connection V.

> C M is k — dim submanifold with induced metric gy and Levi-Civita connection V.

For any p € ¥, we have
T,M =T,5 ® NyX.

If X is a vector field on ¥ C M, then we let X and X+ denote the tangential and

normal components, respectively.
For any X,Y € TY, we have

VxY = (VxY)" +(VxY)*t
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Proposition 1.1.
(VxY)T = VLY.
Definition 1.1 (Second Fundamental Form). For any X,Y € TY,
AX,)Y) = (VxY)t =VxY - VXY

is called second fundamental form.

Proposition 1.2. A is symmetric and bilinear, i.e.,
AX,Y) =AY, X)

and

A1 X1+ f2X2,Y) = LA(XLY) + LA(Xe,Y), Vi, fa € CF(5).
Definition 1.2 (Shape Operator). Take v € NX,
SV TY —T%
X — (Vxv)'
is called shape operator.
Proposition 1.3. Suppose v € NX and X,Y € TY, then
(A(X,Y),v) = —(S"(X),Y).

Remark 1.1. If ¥"~! € M™ is a hypersurface and choose {e;} is an orthonormal basis
for T3, then

(A€, €i),v) = — (S"(e), €:)
= Alej, e;)e; = =S (e;),

i.e.,—A(e;, e;) are eigenvalues of S” and denote (k;)i=1,... n—1 are called the principal

curvatures.

Definition 1.3 (Mean Curvature Vector). The mean curvature vector ﬁ at x is by
definition

k
ﬁ = Z A(ei, 61‘),
=1
where {e;} is an orthonormal basis for T,X.
Remark 1.2. If ¥*~! € M™ is a hypersurface, then mean curvature of ¥ is

H = <F[>,N>:—§m.
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Definition 1.4 (Minimal Submanifold). An immersed submanifold X% C M™ is said
to be minimal if the mean curvature H vanishes identically.

Definition 1.5 (Divergence). Suppose X € T'Y, then the divergence of X at x € ¥ is

k
diveX =Y (Ve X e),

i=1

where {e;} is an orthonormal basis for T,X..
Remark 1.3. divy; satisfies the Leibniz rule
dive(fX) = (Vef, X) + fdive(X).

Remark 1.4.
k

divy X+ = Z <V61XL,61-> =— zk: <XL, Vei€i>

i=1 i=1
—_ <Xl,ﬁ + (Veiei)T> —_ <ﬁ,XL> (: _ <ﬁx>> .
Then,
dive X = divg X T + dive X+ = divg X T — <ﬁ,x¢> (: dive X T — <ﬁx>> .
Definition 1.6 (Laplace Operator). For any f € C*(X), define
Asf =divs(Vsf),
where
(Vaf, X) = X(f).
Remark 1.5. A function f is said to be harmonic on ¥ if Ay f = 0.
Definition 1.7 (Gauss Equation). For any X,Y,Z, W € T%,
(RP(X,Y)Z,W) = (RM(X,Y)Z, W) + A(X, Z)A(Y,W) — A(X,W)A(Y, Z).
Definition 1.8 (Codazzi Equation). For any X,Y,Z € TY,
(VxA)Y, Z) = (Vy A)(X, Z) = —(RM (X, V) Z)~.
2. MINIMAL GRAPH IN R"

Suppose that u : @ € R*! — R is a C? function and consider the graph of the
function u

Yu={(z,u(zx)) e R" |z € Q}.
By calculus, we have

Area(X,) = |Xy] = / V1+ |Vul|?de,
Q
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and unit normal

(=Vu,1)

V14 Va2

Consider function u + tn, where 1 [go= 0 (imply 0X,4+; = 0%,), we have

| Euttn] = / V1 + [Vu + tVn|2dz.
Q

Hence, the directional derivative of the area functional on graphs at u in the direction

7 is
d (Vu, Vn) / . Vu
— Yu = | ———=dr=— div | ——= | dz
dt t:o‘ ol a1+ |Vul? Qn V1+ |[Vul|?

Therefore, the graph of w is a critical point for the area functional of u satisfies the

divergence form equation
\Y%
div | —— 2 ) =
V14 |Vul?

Definition 2.1 (Minimal Surface Equation).

Vu
YT =0
v (w/l + |Vu|2)

Proposition 2.1.

H—div|—Y% )
1+ |Vul?

where H is the mean curvature of %,,.

Theorem 2.1. A minimal graph ¥, C R™ is area-minimizing in Q X R, i.e., for any
3 C QxR and 0¥ = 0%, then
|Zu] < |5

Proof. Consider
(—V'LL, 1)

V1+ Va2’

X(xla e amn—lyl’n) =

then

—Vu 0 1
divge X = divgs + =0,
: . <\/1+\Vu|2> Oz, <\/1+|Vu|2>
where the first term by >, is minimal graph.
By divergence theorem, we have

0:/QdianXda::/u<X,N>—|—/E<X,NE>:|Eu|+/Z<X,N2>,
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(=Vu,1)

V1+ Va2

where (2 is the region bounded by X and ¥, and N =

By Cauchy-Schwarz inequality, we obtain

Zul < [ 06N < [ IxINs| = 5]
Y %

Corollary 2.1. Suppose ¥, is minimal graph in R™ and 0%, N Bgr = 0, then
1
[Su N Br| < Swna R
where wy,_1 = |S™71|.

Proof. Suppose 0Bpg is divided by X, into two parts A and B, by Theorem2.1, we
have ) ) )
%0 1 Br| < min{|A], B} < 5(|A] +|B) = 5|0Br| = §wn—1R”*1-

3. BAsic PROPERTIES OF MINIMAL SUBMANIFOLD IN R"

Proposition 3.1. % C R” is minimal if and only if the restrictions of the coordinate
functions of R™ to ¥ are harmonic functions.

Proof. Take x = (x!,--- ,2") € ¥ and 2% = (z, E;), where {E;} is an orthonormal basis
for R". Take the orthonormal basis for 7,3, eq = (el, -+ ,€e?) =3 el Ei(1 < a < k).
Consider

V! =V, (z,E) eq = V(%Ej (x, E;) eq
= eg[VEj (x, E;) eq = ejo'[ (<E](x), E;)eq + <x, VEJ.E,-> ea)
= el (B, E)) eq = €ldijeq = €heq
= (€, Ei) eq = E; — EN.
then
Aszi = diveVsa' = divs (E; — EN) = <ﬁE> —0.
Indeed,
divs(E; — EN) = divs(E;) — dive EN = (V. Ei, eq) — divg EN
= <V€j E_Ei;ea> + <ﬁ7Ez> =€), (VE,Eieq) + <ﬁ>Ez>
allj

This third equality holds by Remark1.4. O
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Proposition 3.2. Let ©* C R” is minimal surface, then

As|z|* = 2k.
Proof. Take z = (x!,--- ,2™) € X. For any vector v, we have
Vez' = (v, e;).
Then,
k k
diVE(l'l, e 7xn) = Z <v6i(x17 T 7$n)7 €i> = Z <€i7 62‘> = k.
i=1 i=1

Since ¥ is minimal surface, then divyY* = 0 for any Y (by Remark1.4). Therefore,
Asla]* = div(Vs|z?) = div(V]e|? — (V]z]*)")
= divg(V|z[*) = 2div(z!,--- ,2")" = 2.

Proposition 3.3. Let X"~! C R™ be minimal hypersurface, then
As (N, E) = —|AP (N, E;),
where |A|? = Z (A(ea,ep), N)2.
a7ﬁ

Proof. Fixp € ¥, choose normal coordinate at p, such that gog(p) = dap and VZ eg(p) =
0.
Direct calculate, we have

Asf(p) =dive(Vsf) = Z(V Vsf,ea)

k

:Z eo (Vsifiea) — (Vs f, VE ea(p)))

= eaeaf.

Then, we obtain
Ay (N, E;) = eqeq (N, E;) = eq (Ve N, E;)
= ea (—A(ea, ep)es, Ei)

(— (Ve&A(ea, eg))es — Alea,e3)Ve, €8, Ei)
= (—(VesAleas a))es — Alea, ep)(Alea, es)N + Ve, e5), B;)
Ao V.
AP (N,



The above calculation uses the following facts.
The third identity:

A(emeﬁ) = (Veaeg,N> = €q <657N> - <657v6aN>

VeoN = Aea, ep)eg.
The fifth identity uses the Codazzi formula and the definition of the second fundamental

form, that is,
Aleq,eg)N =V, e5 — Vezaeﬁ.

k
The sixth identity holds, since H = Z A(eq, eq) and ¥ is minimal surface, i.e., H =
a=1

0. U

Corollary 3.1. There exists no closed(compact and without boundary) minimal sub-
manifold in R™.

Proof. Suppose ¥ C R” is closed minimal submanifold. Since
Z&Elﬁ ::0,

by the strong maximum principle, then z* are constants. It is contradiction. Il

If  C R™ is a compact subset, then the smallest convex set containing €2 (convex hull)
is the intersection of all half-spaces containing 2.

Proposition 3.4 (Convex Hull Property). If ¥¥ C R" is a compact minimal submani-
fold, then
¥ C Conv(0Y).

Proof. A half-space H C R™ can be written as
H={xeR"|(z,e) <a},

for a vector e € S* 1 and constant a € R.
By Proposition3.1, we have
Ay (z,e) = 0.

By the maximum principle, we obtain
< pu—
max (x,e) < max (x,e) = a,
and for any z € ¥, (z,e) < a.
Therefore, for any e € S"~ !, we have ¥ C H, and
Sc () H=Conv(dx).

ecSn—1
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Corollary 3.2 (Monotonicity of Topology). If £2 C R" is a compact minimal disk and
K is a compact convex set with K N 0% = 0, then K N'XY is simply connected.

Proof. Suppose instead that there is a closed curve v C K N3 that does not bound a
disk in K N 3.

Since ¥ is simply connected, v bounds a disk I' C .

Since OI' = v C K, by convex hull property3.4, we have

I' c Conv(0Y) C K

It is contradiction (I' C K N X)! O

4. THE FIRST AND SECOND VARIATION FORMULA

Suppose £¥ is a minimal submanifold and let F : 3 x (—e,e) — M be a variation
of ¥ with compact support and fixed boundary. That is, F' = Id outside a compact set,

F(x,0) ==z
and for all x € 9%,
F(z,t)==x
Denote F(X,t) = 3, % F(-,t)=X(-,t) € TM and
t=0

gt,ij = (OiF'(x,1),0;F(x,t)) .

Theorem 4.1 (The First Variation Formula).
d

| = / divs, X dp.
dt t:(J’ | -

Proof. 1t is obvious that
det

i o YD
V/det(gi;)
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We denote by A; = (Aij) the cofactor matrix of Gy = (g4,45), i.e., Ay = det Gy - Gt_l.

Direct calculation, we have

4 \/det g L detg
a0 tij = o a0 tij
1 1 6 ,
5 AZI [ + - +An in
2 \/m ( t gt, 1 t gt )
1 1 c’) - ; 99t.i
- All Z++Azn in) - 0]
T2 V. detg” 99t,ij | = 0( v £ gus) 2 P
1 1 o0
- LAY y
2 V detgzg at t= Ogt,g
1
5 V detgz] . Ogt,ij-
We will calculate — gtij- By denotation of g;;;, we have
t=0
0 0 0 0
as i ™ Az —F 7t aiF at
ot|,_, 7 T o <6mi (@), 5, Tl )>
0 0 0 0
= —_— t), — F(x,t F(x,t), — —F(z,t
(3], aren geran) + (. o SLren)
0 0 0 o 0
— t), — F(x,t F(x,t), — — F(x,t
< G PGP )+ (GEFen. g | )
0
Since,
\Y 0 —F(z,t) ) = divy X
37 F " Ox;j - OES
then p
— p :/diVZXdM.
dt|,_, %] 5
0 ) T
Assume X = —| F(,t)e N¥,ie, X' =0on X.
It

Theorem 4.2 (The Second Variation Formula).
d2
dt?

=) =/ VEX[2 (A, X) P — e (RM (- X)- X).
t=0 >

Proof. Note that
o[ VEX[ = [(Ve, X) P,



of (A, X)| =32, ; (Aleise)), X)?,
otr(RM(-,X)-,X) => <RM(ei,X)ei, X>
Similar to the above proof, we have
v det (g
34| = / dpy = / b j
det 91]

Direct calculation, we have

0
a\/m \/m gt 'atgtlm

and
2

9 10 i Ogri; 1 0 i Ogi;
@M:§§(M) gtj gt] —y/det g4 - i O0tij

at *y ot ot
+ = \/detgtzj gt : t2.gtl]

kl agtkl i agt 17 ik 8gt kl 15 8gt K%

detgt 1]9 8t gt at S detgt ng 875 gt E)t
- 0%g1.
a¥ LY
+ 5 det gt,ljgt 6t2
. 0
Thus, at t = 0, (notation: F=¢)
Ty

62

012 |,_, M— Vdetgi; (97 (Ve X, e5) + <V€a‘X’ei>))2
1
- 5\/ det 9ij (<v€iX7 ej> + <v€jX’ ei>)2

1 2
+ B det g;; 7% o Gt i -
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1 92 1 92 o . 0
5 5| i =5 87 <6%F, 3213@F>
o 09 0 0
—<am iF>+<ata%F’awxiF>to
~ (Vo pVo,Ve FV62F>L Y IVXP
< o Ve FV o oF, V61F>L:0
2
Z (Ve, X))t Z Z Ve X, €5) e
_ M, 9\,
- <VeiV%FV%FF7VeiF>‘ .t <R <el,atF aifa)|
+Z| Ve, X))t +Z| (eirej), X) 2
= div(VxX)+ Y (BM(e;, X)ei, X) +[(Ve, X)) Z (e, ),
1, ..
1 (97 (VeX e) + (Ve Xoe))” = (divX)? = — (H,X) =0,
and )
—5 (Ve X.ej) + (Ve X, e))? = —2(A(ei e5), X)2.
We obtain the second variation formula. O

5. THE MONOTONICITY FORMULA
Recall coarea formula.
Lemma 5.1 (Coarea Formula). If ¥ is a submanifold and
h:¥—R

is a proper (i.e., h=1((—o0,t]) is compact for all t € R) Lipschitz function on %, then
for all locally integrable functions f on X and t € R,

t
[ nwsi=[ [ o
{h<t} —oo Jh=T1

Remark 5.1. Consider the special case that ¥¥ C R” is a minimal submanifold and

xo € R™, then
[ swsh=[ [
B-NX 0 OB N2

where h = |z — x| for any = € 3.
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Theorem 5.1 (The Monotonicity Formula). Suppose that ¥ C R™ is a minimal sub-
manifold and xog € R™, then for all 0 < s < t,

Bzl [Benzl _ | 2= a0
t sk (Bi(20)\Bs(zo))ns [T — @o[FF?
(33‘ — xO)T 2 T
Proof. Set r = |x — x¢|, then Vyr = Tzl and Vyre = 2(z —xo) ' .
— Zo

Since ¥ is minimal submanifold, by Proposition3.2, we have
Axr? = divy Vsr? = 2divs ((z — z0) — (x — xo)l) = 2divy(x — xo) = 2k.

By Green formula, then

1 1
k¥ N By (z0)| = / Ag§r2 = / vziﬁ p
ZﬁBr(xo) EﬂaBT(.’ZQ)

= SN TR Vi,
YNOBr (x()) YNoB, (SC())

(x —x0)"
where g = ———.
|(z — @0) |
By coarea formula5.1, then

d d
4 Vr|? = / Var| - [Vt :/ Vyr .
At J$nB. (x0) d7 J$nB; (z0) $NOB; (x0)

Therefore,

d
kX0 By (zo)| = Tar S - Ver|?
(%0
— o 1= (V)P
dr YNBr(zo)

d d/ 12
=7—|X N Br(x0)| — 7 Vr .
PN Bl T [

We obtain .
d, _ d Vr
B = [ L
dr At JB. (zo)ns T

Thus,

t t 12
d . d [(Vr) |
L RS A B, (o) )dr = [ 2 IV 4,
[ etmaseoner= [ 2 [ e
or

|Bi(wo) NE|  [Bs(zo) N[ _ Md
tk Sk - \m—x ‘k+2 x.
(Bt(z0)\Bs(0))NE 0

Suppose £F ¢ Rt C is the cone with vertex at 0 given by

Ce = {tr e R"™ |t € [0, +o0),2 € X}.
12



Give an important lemma that

Lemma 5.2. ¥ C R""! is a cone with verter at 0 if and only if (x, N(z)) = 0 for any
r €.
Proof. Consider graph that (z,u(z))(x = (z1,--- ,zy)) and
(=Vu,1)
V14 Va2

Since 0 = (z, N(z)) = — (z, Vu(x)) + u(x), then
u(z) = (z, Vu(x)) .

Consider v(t) = tu(x) — u(tx), we will prove v(t) = 0 for any ¢t € R.

Since
dv ~tu(x)  u(tz)  w(t)
W ufa) — (o, Vuftayy = MWD 0D,

where u(tz) = (tz, Vu(tz)).
Then, we have the following ODE(Cauchy problem)

dv  w(t)
at ot
v(l)=0

and v(t) = 0 for any ¢t € R.
In fact, we have

1 1 C
/v(t)dv(t) Z/tdt = Inv(t) =lnt+C = v(t) = €,

since v(1) = 0, then v(t) = 0 for any ¢t € R. O

Suppose that ¥¥ € R” is a minimal submanifold and zg € R™. Consider the function

|Bs(x0) N E’
O (8) = Tp cRA -

By Theorem5.1,0,,(s) is monotone nondecreasing. Assume zg € X, It is obvious that
i >
lg% Oz (s) > 1,
and ©4,(s) > 1 by monotonicity of ©4,(s). Thus, define the density at xo by
Oz, = E—IZ% Oz, (5).
This limit is well-defined (bounded and monotonicity). In fact, so long as ¥ is smooth,

O, is a nonnegative integer equal to the multiplicity of ¥ at xp. Note that if ¥ is not
embedded, then this multiplicity can be greater than one.
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Corollary 5.1. The function O, (s) is constant in s if and only if ¥ is cone about xg.
In particular, if for some s > 0, Oy, (s) =1, then BsNX is a ball in some k-dimensional
plane.

Proof. By Theoremb5.1, we have
(x —z0)t =0,

and ¥ is cone by Lemmabs.2.
Since
1=04,(5) >0y, >1,

then ©,,(s) = 1 or ¥ is cone and is contained in a k-plane, since ¥ is smooth. Thus,
Bs; N is a ball in some k-dimensional plane. O

Corollary 5.2. If ©% c R™ is a minimal submanifold, then ©, is an upper semicon-
tinuous function on R", i.e., x; — x, then

limsup ©,, < O,.

Ti—T

Consequently, for any A > 0, the set
{reX |6, >A}

s closed.

Proof. Given any 6 > 0, there exists an s > 0 such that
O, > 0,(25) = 0,
and we can choose 0 < € < s so that
O, > (1+ s_ls)k@x(%) — 26.

For any x; with |z — x;| < &, we have
|Bs(2;) VY| |Bste(z) N X
0, <0, = <
w =000 =g R < B, R
_ | Bs+e(z) N X ) |Bs+e C R”|
|Bsye CRF|  |Bs C R¥|

=0,(s+e)- (8—;8)16 =(1+st)*0,(s +o)

<2+ 0,.

Since § was arbitrary small, then

O, > limsup O,,.
Ti—T
14



It follows immediately that the set
{r eX |6, >A}
is closed. 0

Theorem 5.2 (The General Monotonicity Formula). If % ¢ R™ is a minimal subman-
ifold and f is a function on X, then

tk/ f— sk/ f= / f7|‘r:|22 + 1/t Tkl/ (7% — |z|*) A fdr.
BiN% B.NT BBy |z|F T2 2 NS

Remark 5.2. Take f =1, we obtain Theorem5.1.

Proof. Since Y. is minimal submanifold, then 2k = Ag|z|? and Vyg|z|? = 2|2z T|.

By integration by parts, we have

2k/ F= [ fageP
BsNX BsNX%
Z/ |~”'3|2Azf+/ fVEI:EIQ'u—/ Z|*Vsf -
BsNX O0BsNX 0BsNX

=/ \x|2Azf+2/ faﬂ—s?/ Ast.
BsNX OBsNX BsNX

By coarea formula5.1, then

a4 _ 4
ds BsNYT - ds Bs

d [* 1
= — fIVs|z||™
dS/o /aBm IVelel]
|z|
= fi'
/a&nz ’wT’

15
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Therefore,

d T
()= o f
ds Bsn%. BsN¥. o,y 7'
1 _,_
=—5s" 1(/ erAsz/ f|xT|—82/ Azf)
BsNY 9BsNY B,NY
—k |z
+ s / f—
8B,NT |$T‘
1 1
:_Skl/ |(L‘|2A2f—8k1/ f|.CET|+8k1/ 82A2f
2 BsNS OBsN%. 2 BsNE
—k |z
+ s / f—
OBsNY \UUT\
1
:S—k—l/ f( ‘x‘r| | T|>+ —k— 1/ (52—|I’2)A2f
dBsNY EAN |33| B,NY

—k—1 |$L|2 —k—1 2 2
=5 [ +* (s* = |z[")Asf,
oB,nx |7 B,O%

J.,Q_

where 1 — |27 |2 =

Thus,

[ ()= [ s [ [ e
T = - T T — > T.
dr B,NY OB-N% \JUT\ JaF 2 NS

By coarea formula5.1 again, we obtain

_k ok . 1 ’$L|2 |$T| k-1 _ )As fd
t f—s = f—mm T (T2 —|z|})Ag fdr
BN% BsNY (B¢\Bs)N |z |zt [z N

or

12
t_k/ f_S_k/ f:/ w‘k-‘&-Q / s 1/ T - ’33‘ )As fdr.
2X)> BsNY (B:\Bs)NT B,NY

O

|z

Corollary 5.3 (The Mean Value Inequality). Suppose that ©* C R" is a minimal
submanifold, xo € ¥, and s > 0 satisfy Bs(xo) NOX = 0. If f is a nonnegative function
on X with As,f > —Xs—2f, then
A 1
flzo) <e

5 -
|Bs C R¥| B (z0)NE

f

Proof. Define



then Theoremb5.2 implies that

1
JO =5 [ (@ asy
Bi(zo)NX

2 Bt(:vo)ﬂz

2 Bi(z0)NE

A

Y

v

-2
= —Zs2q(t
55 t9(t)
or )
g 5 Aoy A
gty = 2 - 2
It is obvious that e*/2 g(t) is monotone nondecreasing. Then,
At 1
lim e2s g(¢) = lim — =k :
tg%m g(t) v 2 Bt(xo)mzf w" f(zo)
Therefore,
Ffa) < By =etsF [ g
Bs(zo)NX
and )
A
f(zo) < e2 f

|Bs C R¥| /g, (20)ns
O

A function f is said to be subharmonic on ¥ if Axf > 0. We get immediately
the following mean value inequality for the special case of nonnegative subharmonic

functions:

Corollary 5.4. Suppose that ¥ C R™ is a minimal submanifold, o € R™, and f is a

nonnegative subharmonic function on %, then

sk / f
Bs(zo)NX

1s a nmondecreasing function of s. In particular, if xo € X, then for all s > 0,

1
20) < —— .
flao) < |Bs C RE| /Bs(xo)ﬂEf

6. THE STRONG MAXIMUM PRINCIPLE

First note that the difference of two solutions of the minimal surface equation satisfies
a uniformly elliptic form equation.
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Proposition 6.1. If u; and us are solutions of the minimal surface equation on a

domain  C R™, then v = uy — ug satisfies an equation of the form
div(ai; Vv) =0,
where the eigenvalues of matriz a;j = a;;(x) satisfy
O<M<A1<"'<)\n<;-

The constant p depends only on the upper bounds for the gradients of |Vu;|.

Proof. Define the mapping F': R” — R” by

X
=

By the fundamental theorem of calculus and the chain rule, we have

1y
F(VUQ) — F(Vul) = /0 %(F(V’lﬂ + t(VUQ — Vul)))dt
1
_ /0 AP (Vuy + H (Vs — Vur )V (us — uy ) dt

= </01 dF(Vuy + t(Vug — Vul))dt> V(ug —uyp).
Since uy and ug are solutions of the minimal surface equation on a domain 2 C R”, i.e.,
div(F(Vug) — F(Vuy)) = 0.
Then,
div ((/1 dF (Vuy + t(Vug — Vuﬁ)dt) V(ug — u1)> =0,
ie, v=u —uo satisﬁgs an equation of the form
div(a;;Vv) = 0.
Given a unit vector V € S"7! and X € R", we see that

14 X
L+ X2 A+ X )32

AF(X)V =

and
v X
(1+ X212 (14 |X][?)3/2

AF(X) (V,V) =

It is obvious that 1

AFX) V) < e

18



(V|2 = 1)and

1+ X2 (xXv)? . 1
(L+[X2)32 (14 (X232 7 (L+ | X[2)3/2

Therefore, the difference of two solutions of the minimal surface equation satisfies a

dF(X)(V,V) =

uniformly elliptic divergence form equation. O

The following corollary is the local version of the strong maximum principle for minimal

hypersurface.

Corollary 6.1. Let 2 C R™ be an open connected neighborhood of the origin. If
ug,ue ¢ @ — R are solutions of the minimal surface equation with w1 < uy and
u1(0) = uz(0), then uy = us.

Proof. Set v = uj — ug, since v(0) = 0 and v(z) < 0 for any x € 2, by proposition6.1
and apply the maximum principle of uniformly elliptic equation, we obtain

v(z) =0, VreQ,
ie., up = us. O

Corollary 6.2 (The Strong Maximum Principle). If ¥1,%9 C R™ are completed con-
nected minimal hypersurfaces (without boundaries), ¥1 N Yo # 0, and 3o lies on one
side of 31, then X1 = Xo.

Proof. Since 31,35 locally be written as graph near some points, then we obtain the
result by Corollary6.1. O

Theorem 6.1. Let Q C R? be strictly convexr and o C R® a simple closed curve which
is a graph over 02 with bounded slope. Then any minimal surface ¥ C R with 0% = o
must be graphical over Q and hence unique.

Proof. By the maximum principle, the interior of ¥ is contained in the interior of the
cylinder 2 x R.

Given a plane {z3 = t}, we divide ¥ into the portions X;” above and ¥, below the
plane. Reflecting ¥ below the plane gives a new minimal surface then if below the
plane.

By the maximum principle, there cannot be a first ¢ where £, and if have an interior
point of contact.

Since 0% is a graph, there cannot be a boundary point of contact.

It follows then that the projection of ¥ to the plane {x3 = 0} must be one to one, as
desired. O

Remark 6.1. The higher dimensional case.

Let Q c R™! be strictly convex and ¢ C R™ a co-dimensional submanifold which is a
19



graph over Jf). Then any minimal surface ¥ C R™ with 9% = ¢ must be graphical over
() and hence unique.

7. BERNSTEIN THEOREM—2 DIMENSIONAL

Lemma 7.1. Ifu:Q C R*™! — R is solution to the minimal surface equation (., is

minimal graph), then for all nonnegative smooth function ¢ with support contained in
Q xR,

/ Vol — AP > 0.

w

Proof. Set u = (N, Ex), by Proposition3.3, we have
Asu = —|A]2u.
Set w = logu, then
Asw = —|A]? — |[Vswl|?,
and

- / PAsw = / Vsl + ARG
Eu 2“

Apply integration by parts, we obtain

- / S A 10 — / 2oV, oV, w < / Vol + PV, 0 (o€ C2(Sy)).
Y " u

Then
/ Vol — AP > 0.

u

O

Remark 7.1. The lemma shows that we can bound the total curvature in terms of the
energy of a cutoff function ¢.

Apply the lemma, we get a total curvature bound for a minimal graph.

Theorem 7.1. Ifu:Q C R?2 — R is a solution to the minimal surface equation (% is
minimal graph), kK > 1, and Q contains a ball of radius KR centered at the origin, then

/ ap< <
B zrNlZ| logk

Proof. Define the cutoff function 7 on all of R? and then restrict it to the graph of u as
follows: Let r denotes the distance to the origin in R? and define n by

1 r? < kR?
n = 2—2% kR? < r? < k2R?
0 r? > k2R2.
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Since |Vyr| < |Vr| =1, we have

rlogk

V| = | <

Apply Lemma?7.1 with this cutoff function 1 and using the area bound Corollary2.1,

/ AP < / PIAP < / V]2
B pE B.rNS B.rNS

rlogk’

we have

-/ Vsl
(Brr\Bzr)NE
<1 5 / r?
(log k) (Bxr\B /zp)NS
4 log k
< / r?
(log r)? zzg\/ﬁ (B ;\B,i1—1 NS
log k
4 1
< O (A
= 2 2(1—1) p2
(log k) o e R
4 log k
= 2me? <
5 Q. 2me’s
(log k) g /R og K
R logr . .
Here, for simplicity, we assumed that is an integer. O

Theorem 7.2 (Bernstein Theorem(2-dimensional)). If u : R2 — R is an entire so-
lution to the minimal surface equation, then u(z,y) = ax + by + ¢ for some constants
a,b,ceR.

Proof. By the Theorem?7.1, take Kk = R and R = 1, we get for all R > 1,

Bg og R

Letting R — oo, we conclude that |A|?> = 0. By definition of the second fundamental
form on R3, we have
0= uze = Uyy = Ugy.

Therefore u = ax + by + ¢ for some constants a, b, c € R. O

8. BERNSTEIN THEOREM—n < 6 DIMENSIONAL

First, we give some calculations about Riemannian Geometry.

Take E; is an orthonormal frame for a minimal hypersurface (minimal submanifold) %
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in R” with metric g and connection V*, then the curvature R is given by

Rijin = g(R(E;, Ej) By, Ey) = 9(VE,VE Be — Vu Vi Ex + Vs o ox 5Bk B).
% J

The Gauss equation expresses the curvature R in terms of the second fundamental
form of X:
Rijr = aikaj — ajiag,
where aj, = (A(Ej, Ei), E,) and E, is a unit normal.
Let a be the symmetric two-tensor on X given by

a(X,Y) = (AX,Y), B) = (Vx¥ = (Vx¥) T, Eq) = (VY. Ea) = = (Vx By, Y),

and set a;; = — (Vg, By, E;). That is,

n—1

a = Z aij@i ® @j,

ij=1
where ©; is the dual (to E;) orthonormal frame.
Let a..j and a;;; be defined by

n—1

Q. = Z amk@i & @j = VEka.
5,j=1

Since a is a symmetric two-tensor, it follows that a..j is also a symmetric two-tensor.
Since the curvature R of R" vanishes, we have the Codazzi equation

aijk = (V,a)(Ei, Ej)
= Bya(E;, By) — a(V, By, Ej) — a(E;, Vi, Ej)
— B (VE,En, By) + (Vop g, Bi) + (Vi Bn, Vi, )
= — (Vg Ve En E;) — (Vg ,En, Vi, Ej) + <Vv,ngiEn7 Ej> + (Ve En, Vi, Ej)
— (V5. VEEn Ej) + <vvngiEn, Ej>
= (Ve Ve, En, Ej) + (Vo7 5, Ens )
= ;-

Note that the second equality is the Leibniz rule and sixth equality is R;x,; vanishes on
R™,
Therefore, let a... be the symmetric three-tensor given by

n—1
a...= E aij,k@i & @j ® O.
i,5,k=1

22



Let a...; and a;; 1 be defined by

n—1
Z aij7kl@i & @j ® O = VEla..y..
i,5,k=1

Apply the Leibniz rule, we have
aijm =V ,a..(Ei, E;j, Ey)
=Fya..(E;, Ej, Ey) —a. .(vglEi, Ej, Ey,)
—a..(E;,V,E;, Ey) — a..(E;, E;,V i Ey)
=Ea. (B, Ej) —a.. ,(V EI,E )
— a..vk(Ei,VEl i) — leEka(Ei,Ej)
=E\V, a(E;, E;) — Vi, a(Vp,Ei, Ej) — Vi, a(E;, Vi E;) — VVT £, 0(Ei, Ej)
=E,Eya(E;, Ej) — Eja(V, E;, E;) — Eja(E;, Vi, Ej)
- Eka(VElEz,E )+ a(VEkVElEl,E )+ a(VElEl,VEk )
— Eva(E;, Vi, Ej) + (kaEZ,kaEZ,vEl )+ a(Ei, Vi, Vi E;)
— Vi, Era(Ei, Ej) + a(V{, V7 5 E;, E;) + a( Z,VVT 5. E)
=aijuk — a(V Vi, Ei, Ej) — (VVT 5 Ei Ej)
a(E;, VEVEE)) —a Ez,vv‘r 5 Ei)

+a(V, Vi Ei, Ej)

+ o+

(
CL( VT B Eiij)
(

+a(E;, Vi, Vi E)) + a(E;, V

VT Ej, J)
Since

a(Vg, Vi Ei, Ej) + a(va 5 Eis Bj) — a(VE VB, Bj) — (VVT & i Ej)
ToT T
A(kavElE + VVT o Ei,Ej),En> — <A(VEZVE,€E1 + vvnglEi,Ej),En>

<A(kavE1E vElkaE +VVTE VT EZ',Ej),En>

—_

= Z <A(leszm7 E Z lezm Em7 Ej)a ETL>
m=1
n—1

= Rikimamy,
m=1
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then

n—1 n—1

Aijrt = Gijik + > Rikim@mj + Y Rikjmmi-

Apply the Gauss equation, we obtain

n—1 n—1
ik, jk = Qi kj + Z (@riQjm — QjiQkm)Gmk + Z (Akkjm — QjkQkm ) Ami- (%)
m=1 m=1

We derive the Laplacian of the norm squared of the second fundamental form of minimal
hypersurface 3 in R”.

Theorem 8.1 (Simons’ Inequality). Suppose that X"~ C R" is a minimal hypersurface,
then

2
AE\A|2 > —2|A|4 +2 (1 + n—1> \VE\A||2.
Note that this can equivalently be expressed as

2
[AlAs|A] + [A]" > ——|Vs|A|*,

Proof. By (x), we have

I
—

n

-1
1 15 1
2 2
SAsAP =5 )" Asal = o (@i - @ij) k
2 2 & 2 4
ij:l l’.]’kzl
n—1 n—1
=or Z a;jAsa;; + g |Vgaij\2 (The Bochner Formula)
ij=1 ij=1
n—1 n—1 n—1 n—1
2 2
= Z QijQi5 ki + E ik = Z AijQik,jk + E : @ik
2,5,k=1 1,5,k=1 2,5,k=1 1,5,k=1
n—1 n—1
= > ki + Y ii(kiGGm — QjiGhm)amk
i7j7k:1 i7j7k7m
n—1 n—1
2
+ E aij(akkajm — ajkakm)ami + Z aij
1,5,k,m=1 1,5,k=1
n—1 n—1
_ 2 2 2
=- E A5 Ay + E i k-
i k,m=1 i.j k=1
n—1
Note that the last equality used that ¥ is minimal ,i.e., H = Z arr = 0 and the fifth,
k=1

sixth equality used that Codazzi equation, i.e., a;;; = ai;; and a is a symmetric
two-tensor, i.e., a;; = aj;.
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Therefore,

n—1
AslAP = =204 +2 > af,

’i,j,kil
which is Simons’ equation.
Since a is symmetric, we may choose F;, i = 1,--- ,n — 1, such that at  we have
aij = )\1(52]
Since V|A|? = 2|A|V|A|, we have
2
n—1 n—1
AAPIVIAIP = [VIAPP =D | [ D @
k=1 ij=1 A
2 2
n—1 [ n—1 n—1 /n—1
=4 Z Ai5Q55 k =4 Z (Z azz,k>\z>
k=1 \4,j=1 k=1 \i=1
n—1 n—1 12 1/2 2
2 2
<3 (e (2)
k=1 =1 i=1
n—1
= 4]A]? Z az; .-
ik=1
Hence,
n—1
IVIAIP < Y agy
i k=1
Therefore,
n—1 n—1
IVIA||* < Z az ), = Z az ). + Zazzi,i
ik=1 i#k i=1
2
n—1
2
=D ai+ )| =D aj
itk i=1 i£j
n—1
e e )I) SRR S
itk i=1 itj itk
2 n—1 2 2
=(n—1) Z Uik = Z Qi + Z Al i
i#k i#k i#k
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The second equality used ¥ is minimal and the second inequality used the algebraic fact

that
2

n—2 n—2
b <m-2)) b
j=1 J=1

We obtain
9 n—1 n—1
(142 VAP < ¥ aes Saho+ Tt Y ade
ik=1 itk itk i, k=1

By Simons’ equation, we obtain
2 1
1+ —— | |VIA|]? < =AJAP? + |A]*
(1427 ) IVI4IP < 38147 + |

Thus,
2
Ax|A? > —2|A* +2 (1 + n1> |Vs|Al2.

Definition 8.1 (Stable). Suppose XF C M™ is minimal submanifold, ©* is stable if
for all variations F' with boundary fired
d2

pTo) |F(3,t)] > 0.

t=0

Theorem 8.2 (The Stability Inequality). Suppose that X"~ C M™ is a stable minimal

hypersurface with trivial normal bundle, then for all Lipschitz functions n with compact

/ <infRicM+ \A|2> n? S/ \VEU‘Q-
s \M b

We combine Simons’ inequality8.1 with the stability inequality8.2 to show higher

support

LP bounds for the square of the norm of the second fundamental form for stable minimal
hypersurface.

Theorem 8.3 (Schoen-Simon-Yau). Suppose that ¥"~1 C R™ is an orientable stable
minimal hypersurface. For all p € [2,2 + 4 /ﬁ) and each mnonnegative Lipschitz

function ¢ with compact support

/ |A?P¢? < C(n,p) / V|2
> >
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Proof. If we insert n = |A|**9f in the stability inequality8.2 for 0 < ¢ < —
n—

we have
/ AP(|AP2052) < / V(A 2
> >
- / 1+ Q) FIAPYA] + AV 72
>
_ / P21+ 2| APV Al + / AP £2 4 2(1 4 g) / FIAI2 (V5 V| A
> > >
e Consider Simons’ inequlaity8.1
2
AIALA] + A1 > 2 w42,
n—1
and by integration by parts, we have
2 / VI AIRIA2 2 < / A2 g2 / F2AAL A
n—1Js b)) b))
- / A2 g2 / V(12|A]"20)7| A
> >
— / A2 / (2FV F|A]"+20)7|A| - / P21+ 29)| APV | A2
> > >
= [rareng =g [ Ao s v Al - 0+ 20) [ PLAPITLAIR
> > >
Then
2
2 / IVIAIZIAP 2 <(1 + )2 / PIVIAIP AP+ / A2 2
n—1Js b)) b))
+2(1+ ) /E FIA[F20 (T £,V | A])
9 / A2 (V5 V[ A]) — (1+29) / APV AP,
> >

and by Cauchy inequality,

2
< QQ)/Z|V|A!|2AI2qf2 < /Z\Al2+2q\vf|2+2q /EfIA“Qq (Vi viAl)

n—1
< [P0 s g [ PLAPIVIAR + 2 [ [VS7IAR
Y by %

Hence, we obtain

2 q
(2 - - a) [ramwiare < (1 2) [ spiapes
n—1 b)) e b))
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e Apply Cauchy-Schwarz inequality, we have
/ AP <(1 4 g)? / £V ||| AP+ / AP P2
> > >
L1+ q? / F2IIAI2IA + / APy g2
> >

~2(1 4 ¢)’ /E PIAPV A2 + 2 /Z A2 2

< <2(12+ Q)Q (1 + g) + 2> /Z ‘A’2+2q‘Vf’2.

T

[ 2
Weset p=2+4qgand f=¢P, then 2 <p <2+ 1 and Holder inequality gives
n J—

/2 APPE? < C(n, p) /E APP26-2|7 g

< C(n.p) ( /. AP%?’?)T ( / |V¢r2p)’l’-

/ |Al?P¢* < C(n,p) / V|2
> >

Hence, we obtain

g

Theorem 8.4 (Schoen-Simon-Yau). If ¥"~1 C R” is a complete two-sided stable min-
imal hypersurface, n < 6, and there exists V < oo so that

R T
then X is flat.
Proof. Consider cutoff function
1 B.NX
¢=40(r) (B \By)NXZ
0 ¥\ Ba,.

7 8 C
By Theorem8.3, choose 2p = 4 + \/; <4+ \/; and since |V¢| < —, then
r
7 7
[ AV < e Vi)
B,NE
7
< C(n,p)2"71Vrn757\/g.

7
Sincen < 6,ie,n—5— \/; < 0 and let » — oo, we have |A|> = 0. O
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Remark 8.1. From the above proof, we must consider n < 6. In fact,
[ 14P < Gy By x|
B,N%

< C(n,p)Q”_lVT”_1_2p.

2
Choose p such that n — 1 —2p < 0 and p € {2,2—1— 1), then n < 6.

n —
Since minimal graphs are stable and, by Corollary2.1, we obtain the following

Bernstein theorem (n < 6-dimensional):

Theorem 8.5 (Bernstein Theorem(n < 6-dimensional)). If u: R"! — R (n < 6) is

an entire solution to the minimal surface equation, then u is a linear function.

Proof. 1t is trivial by Theorem8.4. O

9. BERNSTEIN THEOREM—n < 8 DIMENSIONAL

e Fleming:
If any minimizing cone is flat in R™, then any minimizing hypersurface
is flat in R™. Here, cone is defined

21t = (0,00) x 2" SV = {ty | t € (0,00),y € "2

e Simon:
Fleming’s assumption holds for n < 7.
e de Giorgi:
If any minimizing cone is flat in R”, then any minimal graph is flat in

RTL—H

Lemma 9.1. If ¥ C R""! is a cone, then

2| A2
VAR — |v]a)? > 247
||
Proof. Let ey, -+ ,e,_1,e, be orthonormal basis of X, s.t., ey, - ,e,_1 € TY' and

en = %, where ¥ = X NS" and ¥/ c S™.
Give the second fundamental form of cone.
Consider X = (t,y) = ty, where t € (0,00) and y € ¥’ C S™. Note that 9; = e, and
0y, = €;, we have
X =y, 0,X =tei(e; €TY)
and the first fundamental form is

gs, = dt? + t2gsy.
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By calculating, we have
2y 2 _ 2 _ oSt T n
opX =0, 0, X=e, 0, =tVie, N(x)=NI(y): ¥ —S
and the second fundamental form is
htt = 07 h’tyi = 07 hyiyj =1 <v§:el)N/(y)> = th;]
Here, h}; is the second fundamental form of X' C S".
Direct calculate, we have
hijm = Ve, hij = Vi hij = Vi, h(Dy,, 9y,)
= at(th;j) - h(vayt 6%‘7 ayj) - h(ayiv Vayt 82/;’)
= at(thgj) - h(rfiaykv ayj) - h(ayivrfjayk)
= Oy(thi;) — hi; T — hawl};
_ _hiy
=
Lo 1 :
where '}, = ig Orgir = ;5%- Note that h;, = 0. We obtain

= mo_(hiihiig)?
VAZ - VAP = Y hgjvk_Ez,J,k_ﬂ ihijn)

ij,k=1 Zg,til h‘zt
1 - & i
= 1ap D B | 22 ki) = X Cuhig)?
1,5,k=1 s,t=1 i,5,k=1
1 n
T 24P > (heshijr — hijhys )
i7j7r757k:1
2 n
- W Z (hrshngk — hnjhm,k)z
j,r,s,k=1
2 " 2 n
= |A|2 Z (hrshnj7k)2 = W Z (hrshjk,n)Q
Joms,k=1 4,rys,k=1
2 @ ( 1 > 24P
=— h (—)h-k> = —.
A jrszk:l oo |2

Theorem 9.1. Any are minimizing cone in R™(3 <n < 7) is flat.

Proof. Since minimizing hypersurface is stable, then

/ |Al*n® — [Vn|* < 0.
>
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Set n = n|A|, then
/ Al < / IV (n]A])? = / (V] A| + |A|V)?
> > >
— /E (VAN +2|Aln (V| A], V) + | A=V

1
= / Val?[A]? + [VIAIP9? + Vn*V (5] AF).
%

By the Simon equation and the divergence theorem, we have

1 1
[ 9rVGIAR) == [ #VGIAR) = - [ (9P - 14",

Lemma9.1 implies that

1 2|A
[vrvGlan < - / i (191417 + 255 - 1ar).
p) ) r?
2 [ 05 < [onpiar

By multiply a suitable cutoff functlon, we can prove that the above inequality still holds

true for n € Lip(R™*1) provided
Al2n2
/ | |277 <
» T

Our next step is to find a suitable n € Lip(R"*!), s.t.,
A 2,2
- [T > [ apwp
» T by

Hence, |A| = 0, which means that ¥ is actually a plane.

Thus,

for some € > 0.

Since A2 e A2
[ [ ||2dr_/n1/ 'l "
NSt (r) 72 nse(1) T
If we take
n(x) = max{1, [z|}} 72 % 2|+,
then

|A]2n?

provided n > 2. It is obvious that

()] = |2[>"27°  when |z| is big enough,

||t te when |z| is small,
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and
12 — 2 5|% when |z| is big enough,

[Vin(z)] <
(1+¢) |77|(;|)| when |z| is small.
Hence,
* - A2
[rapinp = [Teet [ ey
s 0 Snsn (1)
e 2
<max{l+e[2-2 ¢ pnL A
) 9 4 n
0 nsn(1) T
AP
<(2-
<( 8)/E o
providedn§7(|2—g—5|§2—€:>n§8—45). O

First, give an important lemma.

Assume E C R™ is open set. Set

P(E) = sup {/ divedz | ¢ € C°(R™,R), || < 1} ,
E
i.e., perimeter of F.

Lemma 9.2. Assume E C R" is finite perimeter (P(E) < 00) and E is area minimizing.
Then, exists subsequence E; — E (P(E;) — P(E)), E; is set of finite perimeter and

FE is area minimizing.

Theorem 9.2. If any minimizing cone (possibly singularity at 0) is flat, then any

minimizing hypersurface > C R™ is flat.

Proof. Fix p € X, consider X%, = 1(2 — p), then ¥, is minimal for all » when ¥ is
minimal. "

Fix R > 0 and |¥, N Bg| < %wn_lR"_l, by Lemma9.2, exists subsequence X,,, such
that ¥,  — C (r; — o0) and C is minimal and P(C) < oo.

Claim: C is area-minimizing cone.

CNnB
By Corollary5.1, we will show |717_1R| is constant.

Since lim 2 N Br| _ |CO B and X, N Br| _ |¥N Byg|

oo Rn—1 - Rn—1 Rn—1 - (riR)n—l
should prove

, by scaling, then we

. |1¥NByR| B
lim ———— = constant.
i—00 (TiR)n_l
By monotonicity and area bound,
|~ N By, R|

Or = Ry
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Suppose R; < Ra, r; — 00, exists m;, such that r; Ry > r;_,, R2, then

|EmB7‘i—miR2| < |EﬂBriR1’ < |EmBTz’R2‘
(riem R2)"~t = (riRy)"=t = (riRz)"!

As r; — o0 (i — 00), then

Opr, < Op, < Op,

and
©pr = constant.

Therefore C is cone.

Since C is flat, then
ICN Br|

Rr—1 Wn—1-
By monotonicity,

oy < M < lim |~ N By, Rl _ |C N Bg| I
rn—l ioo (T R)"1 Rn—1
Then
XN B, = wWn_1r" L.
By Corollary5.1, ¥ is flat. U

Combine Theorem9.1 with Theorem9.2, we obtain

Theorem 9.3 (Bernstein Theorem(n < 7-dimensional)). If u: R"™! — R (n < 7) is

an entire solution to the minimal surface equation, then u is a linear function.

e de Giorgi’s argument:
Assume ¥ = (z,u(x)) : R*! — R”, then

s (2 5)- (22w

r r r

1
<y, u(ry)) — C(r — 00) area minimizing cone which is a quasi-graph.
,

Regularity theorem:

Let E C R" is minimizing and P(E) < oo, then
2<n<7 OF smooth
n=3~8 OF contains isolated points
n>9 H*(sing(OF)) = 0,Vs > n — 8.

If C"NST contains singularity p, then tp(t € (0, 00)) is singularity of C C R®(contradiction

to regularity theorem). Thus C” N'S7 is smooth and minimal hypersurface.
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Since (N’ e,) > 0 and
A (N en) = —|AP (N e,) <0,

where N’ is outward normal vector of C. By strong maximum principle, we have
(N’ e,) = constant and C is flat. By Theorem9.2, we obtain X is flat. Then, we

obtain

Theorem 9.4 (Bernstein Theorem(n < 8-dimensional)). If u: R*™! — R (n < 8) is
an entire solution to the minimal surface equation, then wu is a linear function.

e Bombieri-de Giorgi-Giusti.
Exist minimal graph ¥ : R® — ¥, ¥ is not flat. Consider the following function
u(z,y) = u(|z], [y]),
where z € R* and y € R*.
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