POWER CONVEXITY OF SOLUTIONS TO THE COMPLEX
MONGE-AMPERE EQUATION IN C2

WEI ZHANG AND QI ZHOU

ABSTRACT. We establish the power convexity of the solution to the Dirichlet problem
for the complex Monge-Ampeére equation on bounded, smooth, strictly convex domains
in C2. More precisely, if u solves det(ulg) = 1 with zero boundary data, then we prove
that v = —/—u/2 is strictly convex. Our proof is based on a constant rank theorem for
the real Hessian VZv and a deformation argument. A main difficulty is that the standard
Hessian-based auxiliary functions are not invariant under the complex linear coordinate
changes required in our analysis. To overcome this obstacle, we introduce an auxiliary
matrix K and construct invariant test functions from its trace and determinant. By
deriving separate differential inequalities for the cases where VZv has minimal rank 2
and 3, respectively, we obtain the constant rank theorem and hence the desired strict
convexity.
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1. INTRODUCTION

1.1. Main result. In 1971, Makar-Limanov [10] studied the Dirichlet problem for the
Laplace equation

(1.1)

Au= -1 1in Q,
u=20 on 052,

where Q C R? is a bounded, strictly convex domain with smooth boundary. He proved
that the function /u is strictly concave in Q. Recall that the unique solution u of the
Dirichlet problem (1.1) is commonly referred to as the torsion function of Q. That is to
say, Makar-Limanov [10] established the 1/2-concavity of the torsion function of a planar
bounded convex domain. Since then, many authors have investigated the convexity of
solutions to various kinds of elliptic partial differential equations (PDEs); see Section 1.2
below.

In this work, we investigate the convexity of solutions of the Dirichlet problem for
the complex Monge-Ampere equation. The complex Monge-Ampére equation is a fully
nonlinear elliptic PDE of the form

det(uz‘}) - f7

where u is a plurisubharmonic function, and (u;;) is its complex Hessian in local holomor-
phic coordinates. This equation plays a fundamental role in complex geometry and fully
nonlinear PDE theory.

Let us first recall the solvability of the Dirichlet problem for the complex Monge-Ampeére
equation on a bounded domain in C™. Assume that 2 C C™ is a bounded strongly

pseudoconvex domain with smooth boundary, and that 0 < f € C>®(Q), ¢ € C*(09).
Then Caffarelli, Kohn, Nirenberg and Spruck [!?2] proved that the Dirichlet problem

(1.2) {det(uij) =f inQ,
u=¢ on 0,

admits a unique strictly plurisubharmonic solution u € C*°(€2).

Our goal in this paper is to investigate the power convexity of the unique solution w to
problem (1.2) when f =1, ¢ =0 and n = 2. Precisely, our main result is as follows.
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Theorem 1.1. Let Q C C? be a bounded, strictly convex domain with smooth boundary.

Suppose that u € C*°(Q) is the unique solution of the Dirichlet problem

(1.3) det(u;;) =1 in €,
u=0 on 0N.

Then the function v = —\/—u/2 is strictly convex in ).

Remark 1.2. To the best of our knowledge, at the time of its initial announcement, this
s the first known result addressing the power convexity of solutions to compler Monge-
Ampére equations. For n > 3, it remains an open question whether the unique solution to
the Dirichlet problem (1.3) enjoys the same power convexity property. We note that such
a higher-dimensional generalization may fail to hold.

1.2. Previous works. Convexity has long been a fundamental and intriguing topic in
the study of elliptic PDEs. Over the decades, many authors have made significant contri-
butions to this field. Below, we provide a brief overview of the historical developments on
the convexity of solutions to elliptic PDEs.

As we mentioned earlier, the 1/2-concavity of the two-dimensional torsion function was
first studied by Makar-Limanov [10]. His key idea was to introduce the auxiliary function

P = vt det(V*),

where v = y/u and u satisfies the Dirichlet problem (1.1). He then showed that P is
superharmonic in €. In 1976, Brascamp and Lieb [3] proved the log-concavity of the first
Dirichlet eigenfunction of the Laplacian of a bounded convex domain using a parabolic
method. Acker, Payne and Philippin [!] later provided an alternative proof of Brascamp

and Lieb’s result following the approach of Makar-Limanov [10] for the two-dimensional
case.
In the early 1980s, Korevaar [32, 33] made a breakthrough in studying the convexity of

solutions to linear and quasilinear elliptic equations. Specifically, for a bounded convex
domain 2 C R™ and a solution u, he introduced the convexity test function

Clx,y, \) =u((l = Nz + Ay) — (1 — Nu(x) — Au(y)

for (z,y,\) € QxQx[0,1]. Clearly, the nonnegativity of C(x,y, \) is equivalent to the con-
cavity of u. This method is commonly known as Korevaar’s concavity maximum principle.
Using this, Korevaar reproved the result of Brascamp and Lieb [3] (see also Caffarelli and
Spruck [13]). Later, Kennington [31] and Kawohl [30] presented an improved version that
could be used to establish the 1/2-concavity of the torsion function in high dimensions.
For problems involving the p-Laplacian or the Finsler Laplacian, due to the lack of reg-
ularity in solutions, Korevaar’s concavity maximum principle cannot be applied directly.
However, by suitable approximation arguments, power convexity results have been derived
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in [7, 41, 43], among others. In 2021, Langford and Scheuer [3(] extended Korevaar’s con-
cavity maximum principle to spherical settings, and proved the convexity of solutions to
certain fully nonlinear degenerate elliptic equations under appropriate conditions.

In 1997, Alvarez, Lasry and Lions [2] developed a new method, the convex envelope
method, to establish the convexity of viscosity solutions of general fully nonlinear degen-
erate elliptic equations

F(V*0,Vv,v,2) =0

in a bounded convex domain 2 of R™. In particular, they gave an alternative proof of
previous results, including the 1/2-concavity of the torsion function and the log-concavity
of the first Dirichlet eigenfunction of the Laplacian. This method was also extended to
handle the power convexity of certain elliptic boundary value problems directly (without
applying a power transformation) as well as the power convexity of solutions of semilinear
elliptic systems in [0, 27]. Recently, another application of the convex envelope method
was given by Crasta and Fragala [19], who proved that the unique viscosity solution u to
the Dirichlet problem

Asgu =—1 in Q,
u=0 on 0f)

is 3/4-concave and in C*(Q). Here A, denotes the usual infinity Laplacian.

Another powerful tool for producing convex solutions is the so-called microscopic con-
vexity principle (also called constant rank theorem). This approach was first discovered
by Caffarelli and Friedman [10] for semilinear elliptic equations in the two-dimensional
case. Combining the deformation process, they established the 1/2-concavity of the tor-
sion function and the log-concavity of the first Dirichlet eigenfunction of the Laplacian
in dimension two. Later, Korevaar and Lewis [341] proved the analogous results in high
dimensions. A similar idea also appeared at the same time in Singer, Wong, Yau and Yau
[16] to deal with the log-concavity of the first Dirichlet eigenfunction of the Laplacian.

For fully nonlinear elliptic equations, the constant rank theorem remains highly effective
in dealing with problems related to convexity. One of the earliest results in this direction
was obtained by Ma and Xu [39], who studied the Dirichlet problem

02(V2u) =1 in Q,
u=0 on 0,

where 2 C R? is a bounded, convex domain with smooth boundary, and demonstrated
that —y/—u is strictly convex in . In the same way, Liu, Ma and Xu [37] investigated
the log-concavity of the eigenfunction of the 2-Hessian operator and derived a Brunn-
Minkowski inequality for the 2-Hessian eigenvalue. See Salani [11] for new proofs of the
power convexity results in [37, 39] as well as discussions on Brunn-Minkowski inequalities of
the 2-torsion functional. Much more recently, several lower-dimensional convexity results
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of solutions to fully nonlinear elliptic boundary value problems appeared via constant rank

theorems, for example [, 26, 19]. For historical developments on constant rank theorems
of convex solutions of fully nonlinear elliptic PDEs and their applications in geometry, one
can see [3, 4, 9, 11, 42,47 48], [16, 18, 20, 21, 22], and the references therein.

Like the concavity maximum principle, the convex envelope and the constant rank
theorem, Makar-Limanov’s approach has also been extended to high dimensions to deal
with 1/2-concavity of the torsion function and the log-concavity of the first Dirichlet
eigenfunction of the Laplacian; see [28, 29, 38]. There are also many other interesting
results on convexity of solutions of elliptic PDEs. For example, it is worth mentioning
that Kulczycki [35] drew inspiration from the constant rank theorem and showed the
concavity of the solution to the Dirichlet problem for the 1/2-Laplacian in dimension two.
In the complex setting, Hu [23] proved that the complex Hessian of the solution to the
Dirichlet problem for the homogeneous complex Monge-Ampere equation on a ring-shaped
domain in C™ has constant rank n — 1 in the weak sense. More recently, Hu and Sheng
[25] established the strict convexity of the potential function of a complete Kahler-Einstein
metric on a bounded strictly convex domain in C".

Remark 1.3. After the completion of the present work [50], we became aware of two re-
cent related preprints. Chen, Hu and Sheng [17] obtained the same power convexity result
in complex dimension two by a different approach, based on estimates for the smallest
eigenvalue of an auzxiliary matriz using complex derivatives. Chen, Li and Ma [15] estab-
lished strict real log-concavity for the first complexr 2-Hessian eigenfunction by verifying
the Bian—Guan [5] structural condition. Their approaches are different from the constant
rank theorem developed here.

1.3. Strategy of the proof. Let us outline the fundamental framework for proving The-
orem 1.1. We follow the approach of Caffarelli and Friedman [10], or Korevaar and Lewis
[341], who established the power convexity of the torsion function and the first Dirichlet
eigenfunction of the Laplacian by the microscopic convexity principle. It is well known
that two key steps are required to implement this approach. The first is to obtain convexity
estimates near the boundary, and the second is to establish the constant rank theorem.
Recall the Dirichlet problem (1.3) for the complex Monge-Ampére equation considered
here. Letting v = —y/—u/2, we know that v satisfies the Dirichlet problem

{F(v%, Vu,0) =0 in
v=0 on 01,
where
F(V?0,Vv,v) = v?[(v11 + v33)(v22 + vaa) — (V12 + v34) (V21 + va3) — (v14 — v32) (Va1 — v23)]
+ v [(v3 + v3)(vi1 + vs3) + (V] + 03) (va2 + vaa)

—(v1v + v3v4) (V12 + V34 + V21 + V43)
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—(v1vg — vou3) (V14 — V32 + Va1 — v23)] — 1.

For more details on the derivation of this equation, we refer to Section 2.1. Since the
domain 2 is strictly convex, we can easily obtain the convexity estimates for v near the
boundary 0 (see Proposition 5.2 for a precise statement). It suffices to establish the
constant rank theorem, namely that Vv has constant rank in €2, for the transformed
equation

(1.4) F(V?v,Vou,v) = 0.

Let us explain why establishing the constant rank theorem for equation (1.4) is particu-
larly challenging. Note that equation (1.4) is non-homogeneous with respect to the variable
V2v. In general, it is difficult to verify the crucial inverse convexity structural condition
(3.2) outlined in Bian and Guan [!] for non-homogeneous equations. Although Bryan,
Ivaki and Scheuer [9] present a constant rank theorem for non-homogeneous equations,
their conditions do not hold for k-Hessian type equations after a power transformation.
Thus, we have to prove the constant rank theorem directly. This helps explain why,
to date, convexity results obtained via this approach have been largely restricted to low
dimensions [14, 26, 37, 39, 49].

In the complex setting, Hermitian matrices can be diagonalized by unitary transforma-
tions. Our goal, however, is to study the real convexity of solutions, for which the relevant
object is the real Hessian V2v. A major difficulty is that the unitary transformations
naturally associated with the complex structure generally do not diagonalize V2v, making
direct computations difficult. To address this, we seek a coordinate system in which V2v
is diagonal while both the equation and the auxiliary quantities are invariant under the
coordinate transformation. By exploiting the Autonne-Takagi factorization, we construct
a suitable complex linear transformation satisfying these requirements. The details are
presented in Section 2.2.

Define
I = minrank(V?v(z)).

e
At a point zg € 2 where V2v(xg) attains the minimal rank [ (0 < [ < 4), we can choose
suitable coordinates such that V2v(z¢) is diagonal. If { = 0 or [ = 1, this would contradict
equation (1.4), since the left-hand side of (1.4) is negative while the right-hand side is 0.
If | = 4, it is evident that VZv(z) is of full rank for any = € Q. Therefore, we only need
to consider two cases, i.e.,

e [ =2 (Theorem 3.7);
e | =3 (Theorem 4.1).

To establish the constant rank theorem, the key step is to choose an appropriate aux-
iliary function, derive suitable differential inequalities, and apply the strong maximum
principle.
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In their celebrated work, Bian and Guan [1] studied fully nonlinear elliptic equations
F(V*0,Vv,v,2) =0 in QCR"
To establish the constant rank theorem, they introduced the auxiliary function
o(x) = 0141(V0(2)) + q(Vu(2)),

where ,

o(Po(a)) = {Hii if o112 (V20(a)) > 0.

0 if 0701(V?0(z)) = 0.

See Section 3.1 for further discussion of the elementary symmetric functions. For [l = 2, this
function involves o3(V?v). In our setting, the relevant changes of coordinates are complex
linear transformations whose induced real transformations are used to diagonalize the
real Hessian V2v. Unlike unitary transformations, general complex linear transformations
on C? do not induce orthogonal transformations on R* and therefore do not, in general,
preserve the eigenvalues of V2v or the quantity o3(V?v). To overcome this difficulty, we
introduce a 2 x 2 complex matrix K defined in (2.10), satisfying

rank(V?v) = rank(K) + 2,

as stated in Lemma 2.1. This identity shows that V?v has constant rank if and only if
K does. Under complex linear coordinate changes, K transforms by similarity. Hence its
eigenvalues are preserved, and consequently tr(K) and det(K') are invariant. This allows
us to construct invariant auxiliary functions from tr(K’) and det(K'), which play a central
role in our proof. A detailed discussion is given in Section 2.2.

The case [ = 2 corresponds to min,cq rank(K (z)) = 0. In the spirit of Bian and Guan
[1], we define the auxiliary function

¢(x) = tr(K () + ¢(K(2)),

where .
et T .
q(K (z)) = { K@) if tr(K(z)) > 0,
0 if tr(K(z)) = 0.
As pointed out by Bian and Guan in [1], it is difficult to establish the maximum principle

for general fully nonlinear elliptic equations using only the standard auxiliary function,
which in our setting reduces to tr(K'). Even for the specific equation (1.4) considered here,
choosing tr(K) alone as the auxiliary function would lead to prohibitively complicated
computations. The quotient component ¢(K (x)) is therefore essential to our argument.

The case [ = 3 corresponds to min,cq rank(K (x)) = 1. This case is considerably more
challenging. To prove the differential inequality for the auxiliary function det(K) in this
case, we must verify the positive semidefiniteness of a quadratic form in six variables, most
of whose coefficients are nonzero. This part is highly involved and technical. Our strategy
is to perform a carefully chosen sequence of simultaneous row and column operations on
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the corresponding 6 x 6 symmetric matrix. Fortunately, we can transform this 6 x 6 matrix
into block diagonal form with two 3 x 3 blocks. By carefully computing and arranging the
leading principal minors and applying a basic lemma (Lemma 2.2) from linear algebra, we
finally complete the proof of Theorem 4.1.

The rest of this paper is organized as follows. In Section 2, we collect the necessary
preliminaries, including the real and complex coordinate formulations, the notation used
throughout the paper, the choice of suitable coordinates, and the construction of the
auxiliary functions. In Sections 3 and 4, we establish the differential inequalities for the
cases where the real Hessian V?v has minimal rank 2 and 3, respectively. These two
sections constitute the main technical part of the paper. Finally, in Section 5, we first
establish the constant rank theorem (Theorem 5.1) and then complete the proof of our
main result, Theorem 1.1.

2. NOTATION AND PRELIMINARIES

In this section, the necessary preliminaries and notation for later use are provided.
We first derive the real form of the two-dimensional complex Monge-Ampeére equation
under a power transformation. We then discuss the choice of adapted coordinates and
the construction of invariant auxiliary functions. Finally, we recall a linear algebra lemma
that will be used repeatedly.

2.1. Real form of the complex Monge-Ampeére equation. This subsection is de-
voted to deriving the real form of the equation satisfied by v, which is obtained from the
original complex Monge-Ampeére equation through a power transformation.

We begin with the complex Monge-Ampere equation
(2.1) det(u;;) =1 in Q,

where Q C C? is a bounded domain. To avoid confusion with the notation for the real
Hessian introduced later, we shall write all derivatives in terms of the complex coordinates
z; and Z;. In particular, we set

ou ou

'U;Z:uzzzi U/T:uzizg.
(2

0z "
Set v = —\/7/2. Direct computation gives
Uy, = =40V, Uyz, = —4(VVyz + Uz0z),

so that the equation (2.1) becomes

1
=16

To work with real coordinates, we express the complex derivatives in terms of z; =
x; + v/—1y;. For the real-valued function v defined on , the complex derivatives v, and

(2.2) det(vv,,z; + v2,0z;)
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vz, are given by

ov 1/ ov ov 1
2.3 L= VA = S (v, — V=T,
(2.3 v =g =5 (e~ VTa ) = 5(0m - V=Tn)
and
ov 1/ 0v ov 1
2.4 s = — = — -1 = —(vg, —1v,. ).
(2.4 v = e =5 (e +VTo ) = 50a +V7Tn)
Furthermore, we have
0%v 1 1
(2'5) Vziz; = 8zi82j = 1(”%‘%‘ + vlh’?Jj) + Z \% _l(vziyj - inzj)
and
0% 1

1
Vaizy = 02;0z; - E(Uwﬂ:j — Uyyy;) — Eﬁ(vxi%‘ + Uya;)-

Let A = (vs,z;), B = (vs,2,), and write the real Hessian of v in block form as

u Vv
VQU = (VT W> 3

where U = (vg,4;), V = (Va,y,), and W = (v,,,.). Then

A= %(U-ﬁ- W) + Vf(v — v,
and
B = i(U— W) — \/f(V+VT).
Since wu is strictly plurisubharmonic and v < 0, it follows from u.,z; = —4(vv,;z; + v2,vz;)

that A = (v,,z;) is positive definite. In fact, for any nonzero vector £ € C?,

Z Vg, gz

2
> 0.

- 1 - 1
sziijéifj = _@ Zuzlfjglé.] - ;
i’j 17-7

In particular, A is invertible.

For the sake of convenience, we adopt the following notation for real partial derivatives,
which will be used throughout the paper:

Vg, = V1, Ugy = V2, Uy, = U3, Uy, = U4,
Uzizy = V11, Uyryr = U33, VUzry; = V13, - -
Substituting (2.5) into (2.2), we obtain the following real equation
(2.6) F(V?v,Vou,v) =0,
where

F(V%, Vou,v) = v? [(v11 + v33) (V22 + vaa) — (V12 + v34) (V21 + va3) — (vVia — v32) (Va1 — V23)]
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+ v [(v3 + vF) (V11 + v33) + (v + v3) (Va2 + vas)
—(v1v2 + v3v4) (V12 + v34 + Vo1 + V43)
—(v1vg — vou3) (V14 — V32 + V41 — v23)] — 1.
Hence v satisfies the Dirichlet problem

(2.7) F(V?v,Vv,v) =0 in Q,
v=0 on Jf.

For simplicity, we denote

8’Uij ’ 8vk ’ ov ’
ikl __OF o _ _OF g _ O°F
(%l-j@vkl ’ avij avk ’ 8%80’
g _ _O°F g _ OF oo _ OPF
Oviov;’ Oviov’ ov?’ '

The above notation will be used throughout Sections 3 and 4.
We end this subsection by verifying the ellipticity of equation (2.6). Direct differentia-
tion gives
FlIl p12 g _p23
12 22 p23 0
0 23 g1 g2 o
_F2 o Fpl2 p22

(2.8) (FY) =

where
F' = 02 (vag + v44) + v(v3 4 v3),
F?2 — UQ(UH + v33) + U(U% + 032,),
F'2 = —v?(vg1 4 v43) — v(v102 + v304),
F23 = 112(1}14 — v32) + v(v1vg — VoV3).
Since the solution u of equation (2.1) is strictly plurisubharmonic, it follows that wu,, s,
and u,s, are positive. Then, by the identity u,,z, = —4(vvs,z, + v,,vz;) and (2.3)-(2.5),
we obtain
U(’UH + ’1133) + U% + Ug <0
and
v(vag + v4q) + U% + UZ < 0.
Together with v < 0, these imply that F'' > 0 and F?2 > 0. Moreover, a direct calculation
using equation (2.6) yields
(2.9) FUR2 _(p12)2 _ (p23)2 _ 2,
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Denote the four leading principal minors of (F/) by Pi, P, P3 and Py, respectively. Then

we have

P =F'" >0,

P2 — F11F22 o (F12)2 — ’1)2 + (F23)2 > 0’

P3 — F11<F11F22 _ (F12)2 _ (F23)2) — '1)2F11 > O,
and

P4 — (F11F22 _ (F12)2 _ (F23)2)2 — 214 > 0.

Thus, the matrix (F'%/) is positive definite, and equation (2.6) is elliptic with respect to
the real Hessian variables.

2.2. Choice of the auxiliary functions. The goal of this subsection is to construct
suitable invariant auxiliary functions for the proof of the constant rank theorem for the
real Hessian V2v. The construction relies on two fundamental facts, namely the existence
of an adapted coordinate system in which V2v can be diagonalized at a given point, and
the fact that the transformed complex Monge-Ampere equation is invariant under such
coordinate transformations.

We define the auxiliary matrix K by
(2.10) K=1I-BA'BA™Y

where I denotes the identity matrix of size 2 x 2, A = (vy,z,)2x2 and B = (v,,,;)2x2 (see
Subsection 2.1). We first establish the following rank identity between the real Hessian
V2v and the auxiliary matrix K.

Lemma 2.1. The ranks of the real Hessian Vv and the auziliary matriz K are related
by
rank(V?v) = rank(K) + 2.

Proof. The standard real-complex correspondence gives the following matrix identity

A B I —/=1I\ (U V I I
(2.11) 4 ( ) = ( ) ( ) ( > £ 7viTH,
B A I J=1I vl W) \V=1I —/—1I

where
T I —v/—11
S \r JEar

is an invertible complex matrix and T is the conjugate transpose of 7. Thus

A B
rank(VZ) =rank | _ _ | .
B A
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On the other hand, a standard block decomposition yields

(I —BA—1> (A B)( I 0) (A—BAlB 0>
(2.12) o . = _ .
0 I B A)J\-A1B I 0 A

which implies the rank identity

B
Since A is an invertible 2 X 2 matrix and K is defined by (2.10), we obtain
rank(V?v) = rank(K) + 2.

A B -
rank 4] rank(A — BA~1B) 4 rank(A).

O

To simplify the local computations, we choose coordinates in which the real Hessian
V2v is diagonal at a given point 29 € Q. According to Lemma A.4 in Hu [24], which is
based on the Autonne-Takagi factorization (see also Lemma A.3 therein), there exists an

invertible matrix P such that

PAPH =1, PBPT = A,

where A is a diagonal matrix with nonnegative diagonal entries. We now recall the explicit
expressions of the complex Hessian blocks A and B in terms of the real second derivatives

of v, namely

(2.13) A i(vu + v33) %(012 + v34) + @(014 — v32)
i(vm + v43) + @(Ugg — 41) i(vm + va4)

and

R £ (I

V=T V=1

1(v21 —va3) — Y (vag +va1)  §(va2 — vaa) — Y7+ (vaa + va2)

The relation PAPH = I implies
vig +v3a =0, viga —v32 =0,
while the relation PBPT = A gives

vig —v34 =0, wvig +v32 =0.

Combining these relations and using the symmetry of the real Hessian, we have

V12 = U34 = V14 = v23 = 0.
Moreover, since PBPT = A is a real diagonal matrix, we also have

V13 = U4 = 0.
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This confirms the existence of an adapted coordinate system at xy under which the real
Hessian V2v(z0) is diagonal.

We further normalize the coordinate transformation P by requiring | det(P)| = 1. Under
this normalization, we have

PAPY = \/det(A)I, PBPT = \/det(A)A,
and

1
det(P(vv,,z; + 'UZZ-'UEJ.)PH) = det(vvy,z, + vy,vz,) = o

Thus, equation (2.2) is invariant under complex linear transformations P satisfying | det(P)| =
1.

Applying the above transformation, the matrices A and B transform as
Aw PAP®, B PBPT.
Substituting these into the formula of K, we obtain
K =1— (PBPT(PAPH)-1(PBPT)(PAPY)!
= I — PBPT(PH)-1A-1p-1pBPT(PH)~14o-1p~!
=I]—-PBA-'BA™ P!
= P(I - BA-1BA Hp!
= PKP'.

Hence K transforms by a similarity transformation. Consequently, its eigenvalues are
preserved, and therefore both tr(K) and det(K) are invariant under this transformation.

Moreover, the real Hessian V?2v is positive definite (respectively, positive semidefinite)
if and only if all the eigenvalues of K are positive (respectively, nonnegative); see [24,
Lemma A.6].

As discussed in Section 1.3, it suffices to prove the constant rank theorem for V2v when
its minimal rank is 2 or 3. In view of Lemma 2.1, the constant rank problem for VZv is
reduced to that for the auxiliary matrix K, namely proving the constant rank theorem in
the cases min,eq rank(K (x)) = 0 and mingeq rank(K (z)) = 1, respectively. We therefore
select suitable auxiliary functions for these two cases.

e min,corank(K (z)) = 0. In this case, in the spirit of Bian and Guan [1], we employ
the quotient-type auxiliary function

(2.15) ¢(x) = tr(K(z)) + ¢(K(x)),

where

det(K(@) 3¢ 41 (2)) > 0,

2)) = 4 (R
a(K(z)) {o B (K (x)) = 0
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The invariance of tr(K (x)) and det(K (x)) implies the invariance of the auxiliary function
¢. Without loss of generality, ¢ can be computed in the above diagonalized coordinate
system.

e min,cqrank(K (z)) = 1. We use the standard auxiliary function
(2.16) ¢ = det(K(2)),

as in Caffarelli and Friedman [10], Korevaar and Lewis [34], and other related works. In
fact, this is also consistent with the construction of Bian and Guan [1].

We shall apply these two auxiliary functions in Sections 3 and 4 to obtain the differential
inequalities stated in Theorems 3.7 and 4.1, which allow us to use the strong maximum
principle to establish the constant rank theorem.

2.3. A linear algebra lemma. We conclude this section with a useful lemma from lin-
ear algebra. Although this lemma is standard and can be found in many linear algebra
textbooks, it plays an important role in the proof of the constant rank theorem in the
cases of minimal rank 2 and 3. For completeness, we include a proof here.

Lemma 2.2. Let M be an n X n real symmetric matriz. Assume that the first n — 1

leading principal minors of M are nonzero, and denote them by Py, ..., P,_1. Then there
exists an n X n invertible matriz C such that
P P
ctMC = dia <P1,,---, ”)
s Py P,y

where P, = det(M).

Proof. We proceed by induction on n. The result is evident when n = 1. Assume that the
statement holds for n — 1, and let

Mn—l (%
M= ,
aT Ann

where M,,_1 is the (n — 1) x (n — 1) leading principal submatrix of M. Since det(M,,—1) =
P,_1 # 0, we may define an n x n invertible matrix

I,y —M '«
ci= ("t T
o} 1

. M, 0
Cl MCI = T 1 .
0] App — " M~ o

Then we have

Note that det(Cp) = 1. It follows that
det(M) = (ann — o’ M ! o) det(M,,_1),
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that is,
Py

Pn—l '
By the inductive hypothesis, there exists an (n — 1) x (n — 1) invertible matrix Cy such
that

Ann, — aTMn__lla =

P P,_
CQTMn_lcg—diag(Pl,Q,--‘ 1).
Py
Cy O

IfweletC’3:<O 1

> and C' = C1C3, then we have

. P P,
cTMC = diag | P, ==, - - .
la‘g( 1, P17 ’Pn—1>

g

At this stage, we have completed the preparation of the necessary notation, the choice
of adapted coordinates, and the construction of the auxiliary functions that will be used
in the sequel.

3. DIFFERENTIAL INEQUALITY: THE CASE OF MINIMAL RANK 2

This section is devoted to the proof of the constant rank theorem for the real Hessian
V2v in the case where it attains its minimal rank 2, or equivalently, where the auxiliary
matrix K has minimal rank 0. More precisely, our argument is inspired by the microscopic
convexity principle of Bian and Guan [1]. In contrast to their construction based on the
elementary symmetric functions of the Hessian, we introduce a new quotient-type auxiliary
function adapted to the structure of the matrix K, as defined in (2.15). The first step is
to perform a careful computation of the first and second order derivatives of the quotient
term in this auxiliary function. Based on these expansions, we establish a strong maximum
principle for ¢, which ultimately yields the constant rank theorem in the present setting.

Throughout this section and the following one, we adopt the convention that all sum-
mation indices ¢, j, k, I, p, q, v, s and «, [, v, § range from 1 to 4, unless otherwise
indicated.

3.1. Estimates for the quotient component. In this subsection, we focus on the quo-
tient term in the auxiliary function (2.15), which requires a careful computation.

We first recall the definition of the k-th elementary symmetric functions. For 1 < k <n
and A = (A1, Az, -+, Ay) € R™ we define

or(\) = > Aiy Nig - iy
1< <t << <n
We also adopt the convention that og(A) =1 and o_1(\) = op41(A) = 0. The definition of
o} for vectors in R™ can be extended to n xn symmetric matrices in a natural way by letting
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op(W) = o(A(W)), where A(W) = (M(W), A2(W),--- , A\p(W)) are the eigenvalues of
the symmetric matrix W. We denote by oj_1(A|i) the ( — 1)-th elementary symmetric
function obtained by setting A; = 0, and by ox_2(A|ij) (¢ # j) the (k — 2)-th elementary
symmetric function obtained by setting A; = A\; = 0. When W is diagonal, we use the
same notation oy_1(W1i) and op_o(W|ij) for the corresponding symmetric functions of
its diagonal entries.

The first and second derivatives of the elementary symmetric functions are given in the
following lemma.

Lemma 3.1. Suppose that W = (W;j)nxn is diagonal. For k=1,2,--- ,n, we have
dop(W) {ak_l(Wz') if i = j

oW;; 0 if i £ 7,
and
AT S ot
OW;0Wpg = Ok—2 p) = q‘a] =p,t7Dp
, otherwise.
We briefly review the constant rank theorem of Bian and Guan [1], which has been

mentioned several times in the preceding discussion. They introduced the quotient-type
auxiliary function

(3.1) ¢(x) = o111(V?o(2)) + a(VZ0(2)),

where (V0(z)
g142 Veu(x . 2
o(V20(x)) = 3 o) o (Vie(@) >0,
0 if 07,1(V3v(z)) = 0.
Using the auxiliary function (3.1), they established the constant rank theorem for convex
solutions of the general fully nonlinear elliptic equation

F(V*0,Vv,v,2) =0 in QCR",
under the structural condition that
(3.2) F(M™,p,v, ) is locally convex in (M,v,z) for each p.

Below we recall the notation from Bian and Guan [1] and adapt it to the present
setting. Suppose that V2v(z) attains its minimal rank 2 at a point zg € Q. Let O be
an open neighborhood of zp. For each z € O, let A(z) = (Ai(z), A2(x), A3(x), Aa(x)) be
the eigenvalues of V2v(z). Then there exists a positive constant ¢ independent of z, such
that A1(z) > Aa(x) > ¢. Let G = {1,2} and B = {3,4} be the sets of “good” and “bad”
indices, respectively. Whenever no confusion is likely to arise, we also use G and B to
denote the corresponding sets of “good” and “bad” eigenvalues of V2v(z). Note that, for
any 0 > 0, we may choose O sufficiently small such that A\;(x) < d foralli € Band z € O.
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Finally, for two functions h(z) and k(z) defined on O, the notation h(x) = O(k(z)) means
that there exists a positive constant C' such that |h(z)| < C|k(x)|.

By Lemma 2.1, we have the rank identity
rank(V?v) = rank(K) + 2.

Therefore, the case where V2v attains its minimal rank 2 is equivalent to the case where
the auxiliary matrix K attains its minimal rank 0. Motivated by the discussions in Section
1.3 and Section 2.2, we now apply the Bian—Guan framework to the auxiliary matrix K,
rather than to the real Hessian VZv. Accordingly, we introduce the auxiliary function

(3:3) ¢(z) = tr(K(z)) + q(K(2)),

where deb(K (o)
€ T .
oK () = INE) if tr(K(z)) > 0,
0 if tr(K(z)) = 0.
To facilitate the subsequent computations, we rewrite the auxiliary function ¢ in terms
of the entries of V2v. According to the definition of the matrix K in (2.10) and identities
(2.11)~(2.12), we have

_ 1

(3.4) det(K) TG

(det(A)) ™2 det(V?v).
Furthermore, we may write
K = (det(A))~?((det(A))*I — BA*BA*),
where A* denotes the adjugate matrix of A. Consequently,
tr(K) = (det(A)) *tr((det(A))*I — BA*BA*).
Define ¢ = tr((det(A))*I — BA*BA*). Then the auxiliary function ¢ in (3.3) can be

written as

det(V2v)
3.5 — (det(A)) 2 i WA
(35) 6 = (det() 2y + S
The introduction of 1) removes the denominator (det(A))~2 from tr(k), making the sub-
sequent differentiation considerably simpler. For notational convenience, we continue to
denote
det(V?2v)
3.6 V) = ——~.
(36) (V) = <4
Using the explicit expressions of the matrices A and B in (2.13) and (2.14), a straight-

forward calculation yields
— L1 fa b
BA =16 (c d>’

a = (v11 — v33)(v22 + vaa) — (vi2 — v34) (V21 + va3) + (V14 + v32) (V23 — V1)

where
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— V=1(v13 + v31) (v22 + vaa) + V= 1(v14 + v32) (Va1 + va3) + V—1(vi2 — v34)(v23 — va1),
b= (vi2 — v34)(v11 +v33) — (v11 — v33)(v12 + v34) + (V13 + v31) (V14 — V32)

— V=1(v14 + v32) (vi1 + v33) + V—1(v13 + v31) (vi2 + v34) + V—1(v11 — v33) (V14 — V32),
c = (v21 — v43)(v22 + va4) — (V22 — v44)(v21 + v43) + (V24 + v42) (V23 — v41)

— V/=1(v23 + v41) (V22 + vaa) + V= 1(v2a + va2) (va1 + vaz) + V—1(voz — vaa)(vag — va1),
d = (va2 — vaa)(v11 + v33) — (V21 — v43) (V12 + v34) + (v23 + Va1) (V14 — V32)

— VvV —1(v24 + vaz)(v11 + v33) + vV —1(v2g + va1)(vi2 + v34) + vV —1(v21 — va3)(vi4 — v32).
Since BA* = BA*, it follows that
S 1
tr(BA*BA*) = @(W +|d? + 2R(b)).

On the other hand, we have

det(A) = TG((UH + v33) (V22 + vag) — (vi2 + v34)(v21 + va3) — (via — v32) (V41 — v23)).
Combining these identities with the definition of v, we obtain
(3.7)

b = tr((det(A))*T — BA*BA*)

2 2
= r62((v11 + v33) (Va2 + vaa) — (vi2 + v3a) (Va1 + vag) — (via — vs2) (Va1 — v23))

- 1i62 ((011 — v33) (V22 + va4) — (V12 — v34) (V21 + v43) + (V14 + V32) (V23 — 1)41))2
((U22 —v44)(v11 + v33) — (v21 — v43)(v12 + v34) + (v23 + va1) (V14 — U32))2
(= (vi3 + vs1)(vaz + vaa) + (via + v32) (Va1 + va3) + (V12 — v34)(vaz — U41))2
( — (v24 + va2) (v11 + v33) + (v23 + va1) (V12 + v34) + (V21 — v43) (V14 — U32))2
2((1112 —v34)(v11 +v33) — (V11 — v33)(vi2 + v34) + (V13 + v31) (V14 — 032))
((U21 — v43) (V22 + va4) — (V22 — va4)(v21 + v43) + (V24 + va2) (V3 — U41))
+2( — (via + v32) (v11 + v33) + (v13 + v31) (V12 + v34) + (V11 — v33) (V14 — V32))

- (= (vag 4 va1) (vaz + vaa) + (Va4 + va2) (Va1 + va3) + (Va2 — vaa) (vag — va1)) |

To ensure that ¢ does not vanish in (3.6), we follow the perturbation argument of Bian
and Guan [1]. For a sufficiently small £ > 0, define v.(z) = v(z) + §|z|>. Then V?v. =
V2v+ely, where I is the 4 x 4 identity matrix. Let A, and B, be the perturbed quantities
obtained by replacing Vv with V2v, in the definitions (2.13) and (2.14). Accordingly, we
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define
¢ = (det(Aa))ia/)a + QE(V2U5)7

where

o1(V30,)
164
We will work with the perturbed auxiliary function ¢. to derive uniform C? estimates

Y. = tr((det(A.))?I — B.AfB.AY) and ¢.(V?v.) =

independent of . Alternatively, one may work directly with ¢ at points where ¥ # 0,
since all constants obtained below are independent of the chosen point. For simplicity of
notation, we will write v, A, B, K, 9, ¢ in place of v., A., B, K., 9., ¢., respectively.
Unless otherwise specified, all estimates below are uniform in €.

Without loss of generality, we work at an arbitrary fixed point x € O in the coordinate
system introduced in Section 2.2, in which V?v is diagonal and satisfies

(3.8) V11 + V33 = V22 + Vy4.

In this coordinate system, the formula (3.7) reduces to

4 4
(3.9) Y = — (vag + v44)*v11033 + —5 (V11 + v33)* V22044

T 162 162
Choosing O sufficiently small, we may assume that
C>v>vp>c

throughout O, where the positive constants C' and ¢ are independent of . Consequently,

4
(3.10) Y > @(032011’033 + v%1v22v44) > c(v3g + vaa).
Moreover, since the perturbation guarantees that vss, vgq > €, we further obtain
(3.11) P(x) > ce forall z €O,

where ¢ is independent of e.

We next compare ¢ with vz + v4q. By (3.9), one has
¢ > (det(A)) % = 4(v11 + vaz) 2v11v33 + 4(v22 + Vag) va2044.
Since v11 and vgo are uniformly bounded from above and below, it follows that

¢ > c(v3z + vaa).

As immediate consequences, we have

(3.12) v33 = O0(d), vaa = O(d).
By (3.8), we also conclude that
(3.13) ve = v11 + O(9).

On the other hand, it is clear that
Y < C(v33 + vaa).
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Combining this estimate with (3.10), we have

2
04(V7v) < O"(v33 + vag) + "B < O(g5 + va4).

= (det A) 2
¢ = (et )+ = s 161 v33 + V44

Thus, we obtain
(3.14) cd <wzz+vaa < Co.

To prepare for the estimates of the quotient component, we first determine the leading-
order behavior of 1 and the asymptotic expansions of its inverse powers. By (3.9), together
with the estimates (3.12) and (3.13), we derive

4
5011 (V33 + v44) + O(¢?).

(3.15) b= 1m

Denote 1y = %v% (v33 +v44). Then we have 109 = O(¢) and ¥ — 19 = O(¢?). By (3.14),

we also have w;;po = O(¢). Applying the Taylor expansion of (1 4+¢)™™ (m = 1,2,3) at
t = 0, we obtain
—m —-m ¢ - w0> -
— 14— 70
(3.16) v Yo < o

="+ O™ H).

We are now ready to compute the first-order derivatives of g. Throughout this section,
we use the convention that the index o = 1, 2, 3, 4 corresponds to the variables x1, z2, Y1, y2,
respectively.

Lemma 3.2. Let ¢(V?v) be defined as in (3.6). Assume that V>v is diagonal at the point
under consideration. Then
4 -1 1)4%4 4 4vT v%?) + O(¢)
=4vy 55U v v
do 11 J%(B) 33 11 %(B) 44

Proof. By the definition of ¢, a direct computation gives

ddet(V?v)
_ 2 .
Qo = @ZJ 20 det (V20 E ' oo, Uua.

Since V?v is diagonal at the point under consideration, Lemma 3.1 implies that

1 1 .
(3.17) Ga = *E¢ 21D V11022033044 + 176#) ! ZUz(Mi)Uim-
7

We next estimate 1),. Differentiating 1) with respect to z,, and using the diagonal structure
of V?v, we obtain

4
Yo = 162 (vi1 + v33) (Va2 + v44) (V110 + V33a) + 16 (v11 + v33)* (v22 + va4) (V220 + Vada)

(v11 — v33) (V22 + v44)? (V11e — V330) — (v11 — v33)* (V22 + V1) (V220 + Vada)

162 162
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2 2
1 (v22 — vaa) (v11 + v33)* (V220 — Vatar) — 162

Recall that

(va2 — v44)? (V11 + 133) (V110 + V330)-

V33 = 0(¢), V4g = O(gf)) and V22 = V11 + O(gi))

Substituting these relations into the above expression and collecting the leading-order
terms, we obtain

4 4 2
Yo = 162 U:fl (V110 + v33a) + 162 Uil)’l (V220 + Va4a) — 162 'Uzl))l (V110 — v33a)
2 2
(3.18) — 162 'U:fl (’Ugga + ’U44a) — 16 U:lgl (U22a ’U44a) — 162 U%l (Ulla + 'U33oz) =+ O(¢)
4

We now estimate the two terms on the right-hand side of (3.17). By (3.16) and (3.18),
the first term on the right-hand side of (3.17) satisfies

1 1 V33044

—*1# 21 v11022033044 = —4v1] == (V330 + Va4a) + O(9).
o}(B)

For the second term, again by (3.16), we have

V33

M”Ma + O(¢)

1,4 . —1 Va4 -1
71/} ; 0-3()\‘2)1)1104 = 41)11 MU33Q + 41)11

Combining the above estimates, we conclude that

2 2
v v
B LT 4 33 0
Ga Ull O‘%(B) V33 + Ull 1 (B) -, V44 —+ (gb)
This completes the proof. O

Before computing the second-order derivatives of ¢, we recall the following lemma,
which provides an estimate for the third-order derivatives of convex functions. We refer
the reader to Bian and Guan [1] for the proof.

Lemma 3.3 (Lemma 2.5 in [1]). Assume that v € C3(Q) is a conver function. Then
there exists a positive constant C, depending only on dist(O, Q) and ||v||cs1(q) such that

(3.19) vijal)] < c( o@) + %(x))
forallz € O and 1 <i,j,a < n.

We are now ready to establish the crucial estimates for the second-order derivatives of
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Proposition 3.4. Let q(V?v) be defined as in (3.6). Assume that V?v is diagonal at the
point under consideration. Then, for any o, 5 € {1,2,3,4}, we have

1&4

V! V!
U%(B) 23aV233
2

2 2

v v
= 4ot 4y — 8u2 M 15,0135 — 82
qap 11 U%(B) 3303 11 0%(3) 132?133 11

U2 v v
Ap—1_U33 _gp2_ Y33 _gp—2_ V33
+4vy U%(B)v44aﬁ vy a%(B)vMaUMﬁ Uy U%(B)Umo/vmg
1 1 1 1
- 4")111@(‘/3&/35 + VaaVig) — 8”13@%4&345
+0<¢>+ > \vqu|>,
p,q€B

where

Vaq = 01(B)vs3q — v33 E Viia and  Viq = 01(B)v44q — Vas § Viiar-
i€B ieB

Proof. Differentiating ¢ twice with respect to z, and xg, we have

_ _ _ ddet(V2v
16q0p = 20 *Yathg det(V20) — 1 2hag det(V20) — 240 » 81()“)%5
irj "
_ 0 det(V2v) _ 02 det(V2v)
_ 2 gaenivY) .. 1 o dentvy)
Y "Pp 12]: vy Vija + 1 ijzl;l Dvi; 00 VijaVklB

_ ddet(V2v
+y Z a()vijaﬁ-

i Vij
Since V?v is diagonal at the point under consideration, Lemma 3.1 implies that

16gap = 200 *Paths det(V2) — 9 2hag det(V20) — 1 2¢ha Y o(Ali)viig

— %5 > o3(N)viia + 71D o3(A|i)viiag
(3.20) i i
+ 4! Z o2(Ai)) (Viiavjjg — VijaVjig)
]

2D+Q+B3+@D+®+®.

We next estimate the terms separately.
e (1). By the expansion in (3.16), together with the estimate det(VZv) = O(¢?), we
have

Y3 det(VZ0) = ¢y 3 det(VZ0) + O(1).



POWER CONVEXITY OF SOLUTIONS TO THE COMPLEX MONGE-AMPERE EQUATION 23

On the other hand, by (3.18), we have
42
77[)041/16 164

— 19 (V330 + Vaaa) (V33 + Vasp)

4
162 — 071 (U330 + Vada + U335 + vaap) - O(9) + O(¢?).

Combining these estimates, we obtain
® 6
v11 (V330 + Va4a) (V335 + V44p)

20 1hatg det(V2v) = (2 det(VZ0) + O(1)) - ( 1464

4
+1g — 031 (V330 + Vada + V338 + vasg) - O(9) + O(¢2))-
By Lemma 3.3, for any p, ¢ € B and « € {1,2,3,4}, we have

(3.21) Upga = O(V/9).
Therefore, the above estimates yield
_ _ 42
2039 athg det(V20) = 24h5° det(V2v) - T —— 0% (V330 + Vada) (V335 + Vaap) + O <¢ + Z \quy)
p,9€B
_ _102(B)
= 8- 16vy; -3(B) (V330 + Vada ) (V333 + vaag) + O & + Z V| |-
1

p,9€EB

e (2). Following the same argument used to estimate (1), we obtain
—p 2 det(VZ0) = — by % det(V2v) + O(e)

3 —402(3)

‘71 i(B)

We now turn to the computation of 1,3. Recall the explicit expression for 1 in (3.7).

Since V?v is diagonal at the point under consideration, differentiating this expression
twice yields

=—16"v

+0(¢).

w 3 3 2 8 2
aff = 162 T75 U11V33a8 — 162 —5U11V13aV138 — 162 —5U11V23a V233
4 8 8
(3.22) 162 v111)44a5 162 v11v14av145 16 011U24oﬂ)245
T O<¢ + Z ’V’qu|>-

p,geB
Here we have repeatedly used the estimates (3.12), (3.13) and (3.21). Thus,

-2 2 o2(B) _509(B)
—1/} 'lpafj det(v 'U) =—4- 16 U%(B) U33ap +8- 16'011 mvlg}oﬂ)lgﬁ
202(B) _102(B)
+ 8- 16w,y U%(B) V23q V238 — 4-16v V1 (T%(B) —5 75 V44
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_ UQ(B) _20'2<B)
8 - 160 8- 160 ——x
+ G J%(B)UMaUM,B + Upq O_%(B)U24av24ﬁ
+0(¢>+ > |wpq|>.
p,q€B

e (3) and (4). For the term (3), combining (3.16) and (3.18) with the estimates (3.12),
(3.13) and (3.21), we obtain

02 ao3(Ni)vigg = — (Y52 + O(6 7)) - (14621)?1 (V330 + Vada) + 0(¢>)>

. <v%12144v335 + U%1U33U44g + O(¢2)>
1

_ 4 3 2 2
T 206 gy +v4)? 162 V11 (U330 + Vada) - (V110440335 + V11 V330a4p)
162 Y11\V33 44

+o<¢+ > ywpq|>

p,g€EB
=—4. 16v1’11£(033a + V440) 333 — 4 - 16111711&(113@ + V440) Va4
o}(B) oi(B)
+ o<¢> + Y ywpqy).
p,9EB

The term (4) admits an analogous estimate. More precisely, exchanging the roles of a and
£ in the above computation gives

_9 . —1 V44
- Ni)viia = — 4 - 1607 —t
Y Pgos3(A|i)viia U1p J%(B)

+0<¢+ > \w,,qy)

p,q€EB

_1 U33
(v338 + Va48) V330 — 4 - 16U111W(U335 + V448)Vada

1(B)

e (). A direct computation gives
v os(Mi)viiag = (Y5 + O(1)) - (v110aav330p + V7103304108 + O(67))

—1 V44 —1 Us3
=4. 16'0111 M'Uggag +4- 161)111@1)44&5 + O((ZS)

e (6). Using the expansion in (3.16), together with the estimates (3.12), (3.13) and
(3.21), we have

Y 0a(ANif) (viiavjjs — vijavjis)
i#]

= (%71 +0(1)) - [0331)44(011040223 — V12a218) + V33044(V2200118 — V21aV128)
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+ 122044 (V1101338 — V13aV318) + V22044 (V330118 — U31aV138)
+ V22033 (V11a V448 — V14aV418) + 122033(V44a V118 — V41aV148)
+ 11044 (V2240338 — V23aV328) + V11044 (V3300228 — V320V233)
+ v11033(V220 V448 — V24aV428) + V11V33(V440V228 — V420V243)
+ v11022(V330 V448 — V34aV438) + V11022(Va4a V338 — V43a0348)

1
=ty '+ (= 20220440130 V138 — 2022033V14a0148 — 20110440230 V233

— 20110330240 V248 + V11022U330V448 + V1102204400333

— 20110220340 0348) + O <¢ + Z |vqu|>

p,q€B
V44 V33 _ .
= — 8- 1602 () Vaaias = 8- 160 o2 (B avies — 8 16072 - (4;)@23,1@235
V33 1 1
—8-16 4-16 _— 4-16
’011 o (B )vz4avz45 + 7)11 01(3)033av445 + 1)11 01(3)044av335
1
—8- 161)11 01( )v34av345 + O (gf) + - qEEB |vaq’>

Substituting the estimates obtained above for (1)-(6) into (3.20), we obtain
2
v

44
of(B)

2 2
_ v _ (% _
16¢as = 4 - 1607 — 1 V3304 — 8 16V —5 o= v13aV135 — 8 16v7;
1

v v
O'% (B) 23aV233

2 2 2
v ) v
4. 16v-1 033 8. 16p 2033 8. 16v2_ 133
+ V11 J%(B)U44aﬁ V11 70%(3)01@@145 () 70%(3)1)24&1}245
1 1
— 41607 VaaVag + ViaVig) — 8- 16
Y11 ai’(B)( 3aV3p + Vaa 46) 2711 Ul(B)U34av34ﬁ
—I—O<<Z>+ E ]vaq|>,
p,gEB

where

Vsa = 01(B)v33a — 133 Y _ Viia, and Vig = 01(B)vata — v Y Viia.

i€B ieB

Dividing both sides by the common factor 16, we complete the proof of the proposition. [
Remark 3.5. In the present setting, we have the simplification

V3a = V440330 — U33V440 = —Via, V3 = V440333 — V330448 = —Vig.
Consequently,

V3aVag + VaaVig = 2V3aV3p = 2(0440330 — U33V440) (V440338 — U33V443)-

To establish the differential inequality in the next subsection, we need the following
lemma due to Bian and Guan [1]. The proof can be found in their original work.
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Lemma 3.6 (Lemma 3.3 in [1]). Let M be a positive constant such that 0 < X\; < M and
ﬁ <Y <M fori=1+4+1,14+2,--- ,n. Assume that Vijo = Vjio fori,j =1+1,14+2,---,n
and o =1,2,--- ,n. Then there exists a positive constant C depending only on n and M,
such that for each «, for any D > 0 and any § > 0, we have

2D
> !Uija|§0<1+5+D> a(N)+ | D Yiviia

I+1<i,j<n I+1<i<n
51 , C 1 )
— g z_ - Vv
oD Z visal™ + 5530 Z i
14+1<4,j<n 1 1+1<i<n
i#]

where

o1(A\) = Z Aiand Vig = 01(AN)viia — Ni Z Ujjee-
1+1<i<n +1<j<n

3.2. A differential inequality. The purpose of this subsection is to derive a differential
inequality satisfied by the auxiliary function ¢ defined in (3.3) for equation (2.6). This
inequality is a key ingredient in the proof of the constant rank theorem.

Theorem 3.7. Suppose that Q C R* is a domain and v € C*(Q) is a convex solution of
equation (2.6). Let ¢ be the function defined in (3.3). Namely, for each x € Q, set

¢(x) = tr(K(z)) + q(K(x)),

where det(K ()
et T .
G(K (2)) = 4 BORE) if tr(K(x)) >0
0 if tr(K(z)) = 0.
If the Hessian V?v(x) attains the minimal rank 2 at some point xo € Q, then there exist
a neighborhood O of g and a positive constant C independent of ¢ such that

(3.23) Y Figy; <C(¢p+|Vg]) inO.

i’j

Proof. As in the previous subsection, we introduce the perturbation v.(z) = v(z)+5|z|? to
ensure that tr(K.(z)) remains strictly positive. We denote by K. the matrix K associated
with v.. Then the function v, satisfies equation

(3.24) F(V?v:(x), Vo (2),v-(2)) = Re(x),

where R. = F(V?v., Vv, v.) — F(V?0,Vv,v) and F(V?v,Vv,v) is defined as in (2.6).
Since v € C4(Q), for any x € O, we have

(3.25) |R.(z)] < Ce, |VR-(z)| < Ce and |V2R.(z)| < Ce.
Recalling (3.11), we know that
(3.26) tr(K.(z)) > ce forallx e O.
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Here the positive constants C' and ¢ are independent of €. In view of (3.5), we define

pe(z) = (det(As))_zwa(x) + qg(v2v5(x)),
where (V2. (2)
det(Vve(z
V2 = =
V) = G0 )

Here A. and 9. are defined by (2.13) and (3.7), respectively, with v replaced by v.. Apply-
ing the argument developed for equation (3.24), we will establish a differential inequality
for ¢. analogous to (3.23). By letting ¢ — 0, we obtain (3.23).

In the following, we continue to denote v., Vv, V?v., R., A., K., V., ¢, and so
on, simply by v, Vv, V2v, R, A, K, 1, ¢, respectively, with the understanding that all
estimates are independent of e. With this convention, the perturbed function v satisfies
(3.27) F(V*v,Vov,v) = R(z),
where F' is defined as in (2.6).

Fix a point € O and choose the coordinates described in Section 2.2. We may assume
that V2v(x) is diagonal and satisfies

V11 + V33 = V22 + V44,
with the eigenvalues ordered as vii(x) > wv3z(x) > € and vaa(z) > vaa(x) > €. By (3.26),
we have ¢ < C¢(x). Combining this estimate with (3.25), we obtain
(3.28) R(z) = O(¢(2)), VR(z) = O(¢(z)) and V?R(x) = O(¢()).

In what follows, all computations are carried out at the fixed point z. Since the minimal
rank of V2v is 2, we know that v1; > ¢ and vgs > ¢ for some positive constant c. Let us
divide the indices into the “good” and “bad” sets, denoted by G = {1,2} and B = {3,4},
respectively. For later convenience, we restate the previously obtained estimates (3.12)
and (3.13) in the form

(3.29) vs3 = 0(¢), vas = O(¢)
and
(3.30) v22 = v11 + O(9).

From the analysis in Section 3.1, we know that ¢ = (det(A))~2 + ¢, where ¢ is the
quotient component of ¢ and

det(A) ((v11 4 v33)(v22 4 vaa) — (V12 + v34) (V21 + v43) — (V14 — v32) (Va1 — v23)).

Taking the ﬁllrgt derivatives of ¢ at the fixed point z, and applying Lemma 3.2, we obtain
¢i = — 2 16%(v11 + v33) "*(vaz + vas) ?

[(v11i + v335) (V22 + v44) + (V11 + v33) (V22; + Vasi)] ¥

+16%(v11 + v33) > (va2 + vaa) 20
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4 4yl 7&%4
pol44
" o}(B)

1 U3
v33i + 4oy P

1(3)044i +O(¢)

Note that v11 4+ v33 and vee +v44 are bounded away from zero. By the estimates 1) = O(¢)
and (3.18), we have

’1)2 U2
(3.31) ¢; = 7! (1 + 44> V33 + 473! <1 + 22 ) vag; + O().
H a1 (B) H ot (B)

Recalling (3.15) and (3.18), we have

=00 and wi=0(6+ % [Vuusl).

a,BEB

It follows from (3.22) and Proposition 3.4 that the second-order derivatives of ¢ at x are
given by

2 2

(Y v

Gij = 4ot (14—44> V334 — 8ui 2 <1+ 44 >1}13'U13'

) 11 O'%(B) vJ 11 O'%(B) ? J
2

2
() v
—8 —2 1 44 . . 4 —1 1 33 -
V11 < + J%(B) V23;V23; + V11 + U%(B) V44ij

Ly U sor? (14 3
V143V145 — OV V24;V24 4
U%(B) 14:V144 11 O'% (B) 247V245

1 1
e dor T (VaiVar + Vi Vi) — Sum —— tanivans
Uy ai”(B)( 3iV3; + VaiVaj) Uy O_1<B)U34zv34]

+0<¢>+ > |Vva5|>,

a,BEB

where

Vs = 01(B)v3si — v33 5 Vyyi, and Vi = 01(B)vag; — vag E Vryryi-
yEB YEB



POWER CONVEXITY OF SOLUTIONS TO THE COMPLEX MONGE-AMPERE EQUATION 29

Thus,
ij -1 Ul B|O[
Doy =dv y Y (1+ Fvaai;
4. i,j aEB
ot (Bla)\ i
iy S (1 + B ) Fresits
i,j a€B,BEG 1
1 (]
(3.32) 1(B) ZJ:Q;F VaiVaj
1 1
41}111 B) Z Z Fi vagzvagj
01( 1,7 o,BEB
a#B
+0<¢>+ > |Vva5|>,
a,BEB
where

Vai = 01 (B)Uaoci — Vaa E Vryryi -
yEB

To handle the terms involving fourth-order derivatives in (3.32), we differentiate equa-
tion (3.27) once to obtain

(3.33) Z Fiyja + Z F e + Flvg = O(9),

7]

and differentiate it a second time to obtain

O(d)) = Z Fij7klvijavkla + Z Fijyvkvijavka + Z Fij’vvijava + Z Fijvijoaa

(334) Z T Jvkavma + Z F% ka0 + Z F% a0 + Z F*vp00
k,i,j

+ E F”’Zjvavija + E F”’Ukvavka + FY% 004 + FPv40,
2, k
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where we have used the estimates in (3.28). Therefore, combining (3.34) with the estimates
(3.29), (3.30) and Lemma 3.3, we obtain

2
-1 Z Z oi(Bla) ij
41}11 <]- + O’%(iB) F Jvaaij

1,j a€B

=40 Y < L B'?)

a€EB
Z F”’klvijavkla + 2 Z Fk VijaVka + 2 Z F”’”vijava
'7j7kl .7j k '7j
+ZF”k”lvk Ula-i'QZFU'“UUk Vo + F””U2+ZF”kvkw
k,l k

+ F'0 + O(¢)>

e (1)

aeB

E F”’klvijavkla + 2 Z F”’”vijava + Fv,vU(QX>
1,7,k,1€G 1,J€EG

+o<¢+ > yvvaﬁy)

a,BeB

(3.35)

Substituting (3.35) into (3.32) yields

%:Fiquij_ o] Z< i B‘?))

aeB

Z Fij’klvijavkla + 2 Z Fij’vvijava + Fv,vvi

1,5,k,l€G 1,j€G
(3.36) +2pt Y F Uaﬁwaﬁa)
i,J,8€G
vll < Z Z l Vazvaj + Z Z F Uozﬁzva,ﬁj)
i,] a€B i,J a,BEB

a#p

+0<¢+ > |wa5|>.

a,BbeEB

To establish the differential inequality (3.23), we first prove the following claim.
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Claim 1. For each o € B, we have

.. .. 1 ..
Z F”’klvijavkla + 2 Z F”’U’Uz'joﬂ)a + FU’UU(% + 2 Z 7F”'Uaﬁiva,8j
1,7,k lEG 1,j€EG 1,7,B€EG

- c<¢+ > yvvaﬁy)

a,BEB

(3.37)

Once Claim 1 is proved, since ves = v11 + O(¢), then (356) gives

> Fgi; < — vy (U DD FVaiVuy TR Z > F Uaﬁlva*BJ)

@] i,] a€EB i,j a,BEB

a#p
+C<¢+ > yvvaﬁ),

a,BEB

where

Vai = 01 (B)Uaai — Vaa § Vi
yeB

Since v € C4(Q) and O C , there exists a constant §y > 0 such that
(F”) > 50]4 in O.
Consequently, we can deduce

D FWaiVay 2003 Vi and 3 v 2 803 v
ij ‘

7-]
It follows that

Z Fg,; < —
ihj

aﬁz + C<¢ + Z ’vvaﬁ‘>

i a€B i 8B a,8€B

a#p
By Lemma 3.6 and the estimate (3.31), we finally obtain

Y Fgi < Clo+|V9l).
i?j
Since the constant C' is independent of ¢, letting ¢ — 0 yields (3.23) for v. O

Proof of Claim 1. Recall the definition of F', namely,
F(V?0,Vv,v) = v*[(vi1 + v33)(v2z + vaa) — (V12 + v34) (V21 + va3) — (v14 — v32) (Va1 — v23)]
+ o [(v3 + ) (Vi +vss) + (v + v3) (va2 + vas)
—(v1v2 + v3v4) (V12 + V34 + V21 + Va3)
—(v1v4 — v2u3) (V14 — V32 + Va1 — v23)] — 1.
It is clear that

FUL22 _ p220l 2 pl22l g2l 2
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Fll
Fll,v — 2'(1(’U22 + U44) + U% —+ Ui = T + U(U22 + U44)’

22
F22v ::20(011-%183)4-0%4‘0322‘f;f‘*lwvll4‘”33%

and

12
F12v = —(viv2 4+ v3vg) = 7 FY? = 2(v11 + v33) (vag + va4).

Note that G = {1,2} and B = {3,4}. Expanding and collecting the terms on the left-hand
side of (3.37), we obtain

(3.38)
y 3 1
Skl , U,.2
E F"9" 01500500 + 2 E F'7%05000 + FO05 + 2 E ervaﬂivﬁaj
ijkleq ijeG i.j,Beq
2F11 2F22 F12
2 11 22 2 2 2
= Vila T (F i1 + F*vgg — v7011022) V190 + —— V350 + 4— V1100124
v11 V11022 V22 v11

12 11
2
+ 2070110220 + 47 V1240220 + 2 — + v(v22 + v44) | V11aVa
22

F12 F22
+ 4TU12ava +2 (U + v(v11 + 7133))1122@% + 2(v11 + v33) (V22 + 044)?)3-

By (3.29), equation (3.33) is equivalent to

Z Fijvija+Fvva:O(¢+ Z ‘vva,ﬁov

i,jEG a,BEB

namely,

Fll F12 F22
(3.39) Vo = —Fvlla — QﬁfUlQa - ﬁv22a + O(qf) + Z |VUaB‘)-
o,BEB

In equation (3.39), we used the fact that F'¥ # 0. This can be derived from the identity

(3.40) Fly + F22099 + F33v33 + F¥yyy = vF".
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Substituting (3.39) into (3.38), we have

3 g 1 .
Z F”’klvijavkla +2 Z F"7%05000 + F”’“vi + 2 Z - FY48V8q;
i.jkdEG ijeG ij.Bec P

911 1l 1l il 2 )
:( " -2 <U + UUZQ) F + 2U11U22< Fv > >'U11a
92 8(F12)2 12 2
+ <’U11U22 (F11U11 + F22’022 — 1)22}111}22) — VFY + 82}117}22 o U%Qa

9[22 22 22 22 2 )
+ < — 2( + UUH) e + 2v11v99 <U> ),‘)2201
(3.41) V22 v F F

2F12 Fll F12 2F11F12 F11F12
P2y A e ) e T T Pt T etz
) Fll F22 F22 Fll F11F22
2|07 = tovn ) = (o b | ey 2o (Fv)2 )Vt
2F12 F22 F12 2F12F22 F12F22
+2 . — 2 — 4+ vv1 JaE—— + 4v11v92 (F”)Q V12aV22a

Recalling our equation F(V?v,Vv,v) = R(z) in (3.27), and utilizing the estimates
v3z = O(¢) and vyq = O(¢), we obtain

V211092 + v(V3 + v3)v11 + v(v] 4 Vv = 1+ O(e),

and
F' = 0?0y +0(v3 +07) + O(¢),  F? = v?vi1 +0(vf +03) + O(9),
F = 20011099 + (03 + v3)v11 + (V3 4 v3)vag + O().

Clearly, F'', F?2 and F" satisfy the following relations

(3.42) vF? = Floyg + F2vg9 4+ O(9),

(3.43) vFY = v?v1v0 + 1+ O(9).

Let us simplify the six coefficients of the third-order derivatives on the right-hand side of
(3.41). Throughout these calculations, we will frequently use (3.42) and (3.43).

e The coefficient of v, is

o1l ) 1l N 1l s il 2
" " VU222 v V11022 v
2F11

= W((UFD)2 _ Fllvll . ’UF'U _ U2U11U22 . /UF’U + U2U11’U22 . Fllvll)
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2 Fll
= WTH(FQQUQQ . UFv — U2U11U22 . F22U22 + O(gb))
2 v

(vFv)2 UHFMF?Z + O(9).

e The coefficient of v, is

F12 2 F12 2
(F'viy 4 F?v99 — v?vi1099) — ) + 87)111}22< Ja >

V11022 v
2 8(F12)2 12 2
T v 0 +t8unvn| 7 | 0(9)
2 1
- W@((”FU)Q — 411 (F™)*  0F” + donuga(F2)? - v*onva) + 0(9)
1
2 1

= (wFv)2 @((“‘W)Q — dv11v92(F?)%) 4+ O(¢).

e The coefficient of v3,, is

9[22 22 22 22 2
— 2< —|—vv11> -1-21)111122( >
V22 v

Fv Fv
2 V11
— WUEFHF?? + O().
e The coefficient of 2v114V124 IS
2F12 Fll F12 2F11F12 F11F12
—2(— e
o < " + 211)22> o W + 411022 (Fo)?
9 F12
= Wi((UFv)Q — 2F11’L)11 . ’UFU — U2U11’022 . UFU + 2F11U11 . U2U11U22)
v V11
9 F12

e The coefficient of 2v114v924 1S
11 22 22 11 11 1722
'02 — L + VU992 F — Fi =+ vv11 L + 2v11v99 e
v Fv v Fv (Fv)?
F11F22

, 2FUFZ

=v ol o (F™ 11 + F?09) + 2011022 (Fo)2
2
— (UFU)QFHFQQ(_UFU + U2U11’U22) + O(qb)
2 11 22
= (vFv)2F F* +0(¢).
o The coeflicient of 2v124v924 iS
2F12 5 F22 N F12 2F12F22 N A F12F22
v " vU11 v oF V11022 (Fo)2
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2 F2 29
= WE(UFTJ_2U22F )+O(¢)

Therefore, formula (3.41) is reduced to

vF?)2 g g 1 ..
7( ) Z F”’kl’l)ija’l}kla + 2 Z FUW’U@‘]’&’UQ + F”’”vi + 2 Z UFUUaBiU,Baj>
1,7,k,1€EG 1,j€EG 1,7,B€EG

11 022, 2 2 1212y, .2 V11 1411 422 2
= 7F F ,Ulloz + (('UFU) — 4'1)11'1)22(F ) )1)1204 + *F F 'U22a
v11 V11022 V22
12 11 11 22 12 22
v v
+2 T(UF — 2F " v11)v11av120 — 2F 7 F*201100220 + 2 T(UF — 2F " 092) 01240224
11 22

+o(¢>+ > |wa51).

a,BEB

Let us define a quadratic form in three variables
f(X)=X"TMX,

where X = (V114, V124, V22¢)" and the symmetric matrix

v2g 1l 22 LU(UFU _ 2F11v11) _pllp22
V11 V11
2 2
M= | E2(Fe —2FMy) L ((0F?)? — dvium(F12)?) L2 (vFY — 2F%209)
_plip22 LU(UFU . 2F22v22) v 1l 22
V22 V22

Then, it suffices to establish the positive semidefiniteness of f(X) in the sense that
f(X) = ~Co.
This is equivalent to saying that M is positive semidefinite modulo ¢.

By Lemma 2.2, we need to compute the leading principal minors of the matrix M,
denoted by Py (M), Po(M) and Ps3(M).
e P (M). Clearly,

Pi(M) = Z—iF“F”.

e P(M). By (3.42) and (3.43), we have

F11F22 F12 2
Py(M) = —5—((vF")* — dvyyvn(F'?)?) — ( 5 ) (VFY — 2F ;)2

b U1y

Fv 2

_ (v . ) (F11F22 . (F12)2) +0(8).
11
e P3(M). By direct computation and (3.42), we have
4F11F22 F12 2
Pg(M) = det(M) = — —() (’UFv — FH’UH — F22U22)2
V11022

= 0(¢”).
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Since P;(M) and P»(M) are bounded below by positive constants, Lemma 2.2 implies
that M is positive semidefinite modulo ¢. We complete the proof of Claim 1. O

As a consequence of Theorem 3.7, if V2v(z) attains the minimal rank 2 at some point
xo € €, then V2v has constant rank 2 throughout €. We defer the proof of this statement
to Theorem 5.1 in Section 5.

4. DIFFERENTIAL INEQUALITY: THE CASE OF MINIMAL RANK 3

In this section, we study the case where the real Hessian V2 attains its minimal rank
3 at some point xg € §2, equivalently, K has rank 1 at xg. We define

o) = det(K ()).
As in the previous section, our goal is to prove a differential inequality for ¢.
Theorem 4.1. Let Q C R* be a domain and let v € C*(2) be a convex solution to equation

(2.6). If the Hessian V?v(z) attains its minimal rank 3 at some point x¢ € €2, then there
exist a neighborhood O of x¢ and a positive constant C' (independent of ¢) such that

(4.1) D Flgy <C(p+|Vg]) inO.
1,J
Proof. Following the notation in [10, 34], for two functions h(z) and k(x) defined in O,

we say that h(x) < k(z) if there exists a positive constant C; such that
h(z) — k(z) < C1(d(2) + [V|(2)).

We also write h(z) ~ k(z) if h(z) S k(z) and k(z) S h(z). Next, we write h S k if the
above inequality holds for any z € O, with constant C7 independent of z. Finally, h ~ k
means h < k and k£ < h. In a similar way, we will also use the notation h 2 k which means
—h < —k, namely,

—h4k < Ca(p+ Vo) inO,
or equivalently,

h—k>-Cyp+|Vep|) in O.
Thus, h ~ k can also be interpreted as h < k and h 2 k, meaning that there exist positive
constants C3 and Cy such that

—C3(0+ (Vo) <h —k < Cu(¢+|Vg]) inO.

We can also write this as
h=k+O(¢p+ |Ve|).

For each fixed x € O, we choose the coordinates introduced in Section 2.2 so that
V2u(z) is diagonal. In the following, all calculations will be carried out at the fixed point
x. When we use the relation < or 2, all constants involved are under control. After

relabeling the two complex coordinates if necessary, we may assume that v44 is the “bad”
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eigenvalue. Thus, in a sufficiently small neighborhood of zgy, we set G = {1,2,3} and
B = {4}. Then there exists a positive constant ¢ such that viy,veg,v33 > ¢. By (3.4), the
auxiliary function ¢ can be written as

¢ = (det(A))’z det(V?v),
where A is defined in (2.13). Then we have
0 ~ 16¢ = (det(A)) 203(G)vaa,
and
(4.2) v4q ~ 0.
Taking the first derivatives of ¢, by Lemma 3.1, we get

0~ 166, = ((det(4)) ) det(V20) + (det(4)) 2 32 29N

(det(A 2203 AlD)vppi ~ (det(A))203(G)vagi, i=1,2,3,4.

Consequently,
(43) V445 ~ 0, 1= 1, 2, 3,4

Using relations (4.2)—(4.3) and Lemma 3.1, we compute the second derivatives of ¢ as

et(VZv
1603, = ((det(4))"2), det(V20) + ((det())2), 3 2940

v
2 D0pg 'pq;j
_ 0 det(V3v _ 0 det(V3v
+ ((det(A)) 2)j Z aé)qui + (det(A)) ™2 Z #quij

ov
P pq P.q pq

02 det(V?v)
det quivrsj
p;s OUpg Oy

= ((det(A))™?),,03(G)vas + ((det(A))72), > a3(Alp)vpp

+ ((det(A))_Q)j > " o3(Alp)vpp: + (det(A) D~ o3(Alp)vppis

p p
+ (det(4) 72 Y oa(Alpr)vppiver; — (det(4)) 7> Y oo (Apr)vprivey;
pF#T pF#T
1
~ (det(A))_20‘3(G)’U44ij — 2(det(A))_203(G) Z T’U4piv4pj.
peG bp

It follows that
6(det(A))

G T o~ = oy + 2

peG i,j

(4.4)
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To handle the fourth-order derivative terms in (4.4), we first take the derivative of the
equation F'(V?v, Vv, v) = 0 with respect to the variable x4, resulting in

(4.5) 0= ZFijvij4+ZF”’“vk4+F”v4.
] k

Then we take the second derivative, which gives

0="> FiFujyvpus+ > FI%v00p+ Y FP 05000+ Flvgjuy

Z'7j7k7l i7j7k Z'7j i?j
(4.6) + Y P s+ Y P oo+ > P s+ Y F 0
Foirg ol k K
+ E FU’U’U4’UU4 + E FYk 054 + Fv,vvz 4+ Fvy4.
i k

By (4.2) and (4.3), equations (4.5) and (4.6) can be simplified as

(4.7) 0~ > Fluyy + Fluy
1,j€EG
and
(4.8) — Z Fij’Uij44 ~ Z Fij’klvij4vkl4 + 2 Z Fij’v’l)ij4’l)4 + FU’UUE.
7‘7j ’L,],k‘,leG 7/7]€G

Substituting (4.8) into (4.4), we have

16(det(A))? y y y
_(a (é))) Z FY¢;j ~ Z FiR 404 + 2 Z F7%;5404 + FY0)
3 i.j i,j,k1€G ijEG
(4.9) -
£23 L,
peG ij PP

Next, we carefully analyze each term on the right-hand side of (4.9). Recall that

F(V%, Vou,v) = v? [(v11 + v33) (V22 + vaa) — (V2 + v34) (V21 + va3) — (vVia — v32) (Va1 — V23)]
+ v [(v3 +v7)(vi1 + vs3) + (v + v3) (Va2 + vas)
— (v1v2 + v3v4) (V12 + V34 + V21 + V43)

—(v1v4 — v2u3) (V14 — V32 + V41 — vo3)] — 1.
Direct calculation implies

FUL22 _ 2201 _ p2233 _ 322 _ 2

F1221 _ p2l12 _ p2332 _ 3223 _ 2
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By collecting the terms in equation (4.9), we obtain
(4.10)

_ 16(det(A))? det 2F11 2F22 2F33 2F33  opll
E Fg; ~ 0%14 + V394 + V34 + < + ) viay
V9292 V33 V11 V33

2F22 2F11 2F33 2F22
+<_2U2+ v + >'U%24+<—2'U2+ + >’U%34
11 V22 V99 V33

5 4F12 5 4F12
+ 207v114V224 + V1140124 + 20702240334 +
v11 V22

V2240124

4F23 4F23 4F23 4F12
V2240234 + " V334V234 + " V1340124 +
3 1

+

V134V234
V22

+ 2F V011404 + 2F* 099404 + 2F¥3 P ug3404 + AF 3019404
+ AF V95404 + F”’vvz.

It is easy to see that

(4.11) vFY = v (v11 + v3s) (va2 + vasg) + 1.

This implies F¥ # 0. Since F''3 = 0, by (4.7), we have

Fll F22 F33 2F12 2F23
Ja Fo V224 — Ja U334 — WU124 - WUZM'

Putting (4.12) into (4.10), we obtain a quadratic form in terms of v114, v224, V334, V134,

(4.12) Vg ~

v124 and v934, given by

det Fll 2F11F11,v Fll
ZF”@J (v - +<F”) F ) ofyy

F22 F22F22 v F22
—i—( jat +(F”> v 1)224
2F33 F33F33 v F33
—i—( jat +(F”> v 1)334
2F33 Fll )
* < V11 V33 ) Vise
2F22 2F11 8F12F12 v
+ ( 202 + + ( > FY | ol
2F33 2F22 8F23F23 v
+ ( 202 + o ( > FOY | o3y
5 F22F11 v F11F22 v F11F22
+ 2 v T T (F”) F% ) v114v224
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F33F11,v F11F33,v F11F33 oo
+2( - Fv B v + (FU)Q F V1140334
2F12 2F12F11,v 2F11F12,fu 2F11F12
v,U
+2 < R T + ()2 F )’0114’0124
2F23F11,v 2F11F23,v 2F11F23 o
+2{ - Fv o v + (FU)Q F% ) v114v934
F33F22,v F22F33,11 F22F33
+2 (v2 - @t )2 Fv’”) V224334
2F12 2F12F22,v 2F22F12,v 2F12F22
V,U
+2 < T T + ()2 F > V2240124
2F23 2F23F22,v 2F22F23,v 2F22F23
v,v
+2 ( e T T + ()2 F ) V2240234
2F12F33,v 2F33F12,U 2F12F33 o
+2{ - Fv o v + (FU)Q F V3340124
2F23 2F23F33,v 2F33F23,v 2F23F33
v,v
+ 2 ( Va3 - o - Fo + (F”)2 F ) V334V234
2F23 2F12
+2 oy ) Vs +2 . V1340234
4F23F12,v 4F12F23,U 4F12F23 -
+2( - Vi - 7o + ()2 F V1240234

It suffices to verify that the above quadratic form in the variables vi14, V224, ¥334, V134,
v124 and vg34 is positive semidefinite modulo ¢. To achieve this, we must carefully arrange
the coefficients.

Before arranging these coefficients, we recall the equation F(V?v,Vv,v) = 0. It is
equivalent to
(4.13) 0 ~ v%(v11 + v33)v2e 4+ v(v3 + v3)(v11 + v33) + v(v] + v3)vee — 1.
At the point under consideration, recall from (2.8) that the positive definite matrix (F%)
is given by
Fll F12 0 _F23
F12 F22 F23 0

(4.14) (F7) = 0o F2 g1 op12 |
_F2 o F2 g2
where
(4.15) FY ~ 0?09y + 0(v3 4 02), F'2 = —y(vyve 4 v304),

F?2 = vz(vn + vs33) + U('I}% + v%), F2 = v(v1v4 — VoU3).
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Since vgq ~ 0, by (4.11), we have

(4.16) vF" ~ v (v11 + v33)van + 1.
Combining this with (4.14)—(4.15), we also have

(4.17) vFY ~ FMopy 4 F2099 + F33vs;.
Furthermore, a simple computation gives

FY 0 20v99 + (03 +03) ~ F33Y,

F2Y ~ 20(v11 + vs3) + (0] +03),

F2V ~ —(vivg 4+ v304), F2Y ~ vjv4 — vovs,

FUY ~ 2(1)11 + ’033)1222.

(4.18)

We now begin to simplify the coefficients of all terms in the final quadratic form. Through-
out this process, we will repeatedly use (4.14)—(4.18).

e The coefficient of v, is

2
2F11 B 2F11F11,U N <F11> Fow

V11 Fv Fv
1 Fll
= WT (2(UFU)2 — 21}11 . 'UFll’U . 'UFU + F11U11 . ’U2F’U’v)
11
1 Fll 2 11 2
~ WTM (2(’0 (U]_l + ’033)1}22 + ].) . 'UFU — 2’U]_]_ . (F +v U22) . ’UFU

+F 011 - 203 (v1g + V33)V22)

2 Fll

= WF2 o (v21122v33 CFY +oFY — Flyp - oFY + Flop - 0? (o + 33)V22)
2 Ft U

~ WTH (’U V22V33 - ’UFU + UFU - F 1)11)
2 Fll

(VFv)2 vy (v vaovss - VF + F*vgg + F¥uy3) .

e The coefficient of v3,, is

2
2F22 B 2F22F22,v N <F22> o

V292 Fv Fv
1 F22
= WTQZ (2(UF1))2 — 2'022 . ’UF22’U . ’UFU + F22’U22 . U2Fv’v)
1 F22 2 v 22 2 v
~ Wrzz (2(v (2)11 + U33)1)22 + 1) oY — 2v99 - (F +v (7)11 + 1)33)) -l

+F*v99 - 20 (v11 + v33)v22)
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2 F%
= WT% (’UFU — F22’U22 . UFU —+ F22U22 . U2(U11 + U33)U22)
2 [ 99
~ WTN(UFU*F U22)
2 F22 11 33
~ (UF”)2TQQ(F V11 + F 7)33).

e The coefficient of ’u§34 is

V33 B Fv Fv

2 F33

~N —

(WF)2 v3g (vvrrvas - 0FY + FMopy + F?u)

2
2F33 2F33F33,v N <F33> Fow

where we exploited the symmetry between indices 1 and 3.
e The coefficient of vy, is
2F33 2F11

+ .
V11 V33

e The coefficient of v, is

2F22 2F11 8F12F12’v F12 2
— 20? - 4 Fov
vt V11 + V9292 Fv + < Fv >

2 2 F22 h v\ 2 12 12,0 v 1242 2 o,
—W — v +’[)711+7 (UF) —4F oY oo F +2(F ) vt Y

V22
L2 —v?v11v09 + F?2v99 + Fvyy (0F")?
(’UF”)2 V11022

— 4<F12)2 <’U2(1}11 + 1)33)1)22 + 1> + 4(F12)2 . 1)2(1)11 + 1)33)’[)22)

2 U2U221)33 +1- F33U33
(vFv)?

V11022

(,UFU)Q _ 4(F12)2) .

e The coefficient of v3,, is

V99 V33 B Fv Fv
2 U21)11U22 +1-— FHUH
)2

(vFv

33 22 23 1723, 23\ 2
_2v2+2F +2F S8F*°F 4<F >F“’”

(vEFv)? — 4(F23)2).

V22V33
e The coefficient of 2v114v924 is

22 711w 11 22,0 11 22
2 e r B FF - r

v Fv Fv + (FU)2

e
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43
(v;v)2 (0% - (uF")? — F22 P10 pF? — P pF220 v pUR2 2 o)
~ (UF1”)2 (02 (VEY)? — F22 - (F' 4+ 0%090) - 0F") — F'1 - (F?2 4 v (v11 + v33)) - 0F"
+FUE2 207 (v + v33)v22)
1

(VEY)2 (02 - (vF?)? —v? - (F2u99 + Flopy 4+ FHugs) - vF? — 2FH 22

+2FHF?2 02 (v + v33)U22)
2

- (vF)?

F11F22.

o The coefficient of 2v114v334 is

F33F11’U F11F33,v F11F33

(Fv)?

Fv Fv FU,'U

1
W (F33 . ,UFILU oF? 4+ Fll . UFSB,?} oFY — F11F33 . ,UQFUJ;)

~

e P2 (P! 4 ) 0B £ BV (P54 ) o
_ F11F33 . 21}2(1}11 + U33)7J22)
1
 (vFY)?
2F11 11 2
v
(vFv)2 (F' + 0?0 - 0F") .

(2FYF? —2FY F3 0 (v11 + vsg)vag + (F? + F'1) - v?vg; - 0F")

~

e The coefficient of 2v114v124 18

2F12 2F12F11,v

2F11F12,v 2F11F12
Fv + (FU)2

2 F12

= 4(UFU)2 (Ull(vFv)2 o F12 . ,UFll,v oY — Fll . UFIQ,'U oF? + F11F12 . ,UQF'U,'U

2 F12 5
" (vFv)? (

(U (vi1 + v33)v22 + 1) CoF? — 12 (FY 4 02099) - 0FY
v11

v,
V11 Fv F

— F11F12 . ,UF’U + F11F12 . 2U2(U11 + U33)U22>
92 F12

= W (7111(”21)22”33 +1)-vF’ — 2F11F12(vF” - vz(vn + v33)1;22)>
2 F12

~N —

(vFv)? vy (vPvavs3 - vF + vEFY — 2F uyy).
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e The coefficient of 2v114v934 is

2F23F11,v 2F11F23’U 2F11F23

_ Ja - Jas + (F”)2 FU

- (vli’)2 (F% g1 Y 4 UL g F20 g o _ pUE2 2 powy

o (U;U)Z (F% - (F™ 4 v?vg) - vF" + FHF? oFY — FHE? 202 (011 4 v33)v20)
= - (szv)z (F? 02099 - vFY + 2F1 F® - (vF — v*(v11 + v33)v22))

~ = (12)];12]3)2 (021)22 P+ 2F11) )

o The coefficient of 2v994v334 is

U2 B F33F22,'L} B F22F33,v N F22F33 oo 2 22F33
Fv Fv (Fv)2 (’UF”)2 !
e The coefficient of 2v994v7124 i
2F12 2F12F22,v 2F22F12,v 2F12F22
o v B v + V)2 £
V29 F F (F )
— ( FQW)Z <Fq2(vFv)2 . F12 X UF22’U oFY — F22 . UF12,1; .oF? + F12F22 . U2Fv,v>
v V22

2 F12
~ (’UFU>2 < V99 ( FU)Q _ F12 . (F22 =+ 1)2(1)11 + ’U33)) .oFY — F12F22 oF?

+ F12p22. 202(011 + U33)022)

9 F12
~ WTQQ ((UFU>2 — 1)2(1)11 + 1)33)1)22 . UFU — 2F221)22 . (UFU — 1)2(7)11 + 7)33)?}22))

2 F12

22
~ F") 0 (vF” —2F v22).

e The coefficient of 2v994v934 is

2F23 2F23F22,'U 2F22F23,v 2F22F23

FUv
V99 Fv Fv + (Fv)2
2 F® 09
~ Wa ('UFU*2F U22)-

e The coefficient of 2v334v7124 is

2F12F33,v 2F33F12,v N 2F12F33 o
Fv Fv (F’U)2
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2F12
(vE")?

~ —

(1122122 -oFY 4 2F33).

o The coefficient of 2v334v934 is

2F23 2F23F33,U 2F33F23’v N 2F23F33
V33 Fv Fv (Fv)Z
2) F23

~ Wg(vzvll'UQQ . 'UFv + 'UFU - 2F33'U33).

ek

e The coefficient of 2v194v934 is

4F23F12,v 4F12F23,v 4F12F23

FUv
Fv Fv + (Fv)2
— 4 F23 X ,UF12,’U CoFY + F12 . UF23’U oFY — F12F23 X ’U2FU’U
(vFv)?
v
8F12F23
O (vF¥ — v?(v11 + 33)V22)
8F12F23
(vFv)?

e The coefficients of 2?}1141)134, 21)2241)134, 2'1}3341)134, 21]1341]124 and 21)1341}234 are

2F23 2F12
0, 0, O, and ,
v11 U33
respectively.
Therefore, we obtain
16(det(A))?(vFv)? y
4.1 - FY¢;: ~ f(X),
(4.19) 30(0) ZJ dij ~ F(X)

45

where f(X) = XTMX is a quadratic form with X = (’U114, V224, U334, V134, V124, ’U234)T as

the associated vector and M as the symmetric matrix defined below.
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V114 U224 U334 V134 V124 V234
V114 f” (’[}22}22’[)33 vF"v —F11F22 7F11 (’U2’U22 -vF? 0 fﬂ (1)21)221)33 vF"v *FQS (’U2’U22 -vF?
+F 209 + F¥ugy) +FH) +uFY — 2F ;) +2FH)
11 o1
V224 —FUp2 T (o —F2F3 0 2 (0F? — 2F%05) L2 (pFY — 2F%0y))
+Fid 033) ’U22 V22
Va- —Fu(UZ’UQQ -vF"v 7F22F33 f:x (U V11V22 * vF? 0 —Fu(UZUQQ -vF"? fi (U V11V22 * vF?
334 Pl 11 22 QF33 v 33
+ ) +FY v+ F ’UQQ) + ) +uFY — 2F™ 1)33)
F F1
V134 0 0 0 (1)11 + 33 ) LZS(,UFU)2 LIQ(UFV)Q
('UFU) v11 v33
22 (vPugpuss - 0FY pr2 22 —F(v*vgp - 0FY M 12 123
vzt g Topliy,) v (VF? — 2F?2py) +oF) £ (vFv)? (UFU) 4(F12) —4F2F
—FB(0%vg9 - vFY a3 ' = (v?v11v09 - VFY 12 - vl vpp 1=y,
. 2 FY — 2F22, v 11Y22 - e Fv _4F12F23 V2203: )
V234 +oFil) oy (U va2) ﬁJF” 2 Fyy,) o ¥ )? .(,UFv)Qu_Z(FZ%)Q

Let us verify that the matrix M is positive semidefinite modulo ¢, i.e., the corresponding
quadratic form f(X) satisfies f(X) 2 0. This is highly technical and challenging.

First, we perform congruence transformations on the matrix M, which preserve the
positive semidefiniteness of M, to convert it into a block diagonal form. The specific
transformations are as follows.

(1) The first column is multiplied by — Flf and added to the fifth column, while the
first row is multiplied by Fli and added to the fifth row. Then, the second
column is multiplied by _W and added to the fifth column, while the second row
is multiplied by —%i and added to the fifth row.

(2) The third column is multiplied by —g—ﬁ and added to the sixth column, while the
third row is multiplied by — Fif and added to the sixth row. Then, the second
column is multiplied by —g—zz and added to the sixth column, while the second

row is multiplied by —?—33 and added to the sixth row.

These operations yield the following block diagonal matrix.
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U114 U224 V334 V134 V124 V234
rit (v% Lo FY P (2000 . 0 FY
2233 * U 11 7722 (V222 - v
v v11 —F4F 0 0 0
B L F2209y + F33us) +F)
F22 o1l
Voo _plipe2 oy (F v _ 2283 0 0 0
+F33’U33)
—F1 (0209 - vF? F—%(v% vag - VE?
v _F22F33 V33 11022 0 0 0
334 +F11) +F111}11 + F22’022)
F33 Fll 03 12
T to=) F 2 F 2
V134 0 0 0 U.I(IUFU?} o (WEY)E = (vE?)
V124 0 0 0 —5123 (vF?)? bi1 bio
V34 0 0 0 2 (yFv)2 boy bao

v33

Here

Fi F?2 1)2?)221)33 +1 1
b1 = | — +—— — 2 ). (vF¥)2 — F12)2 v
H <U22 + 11 Y ) (vF") < Fllyyy * F22v22>( )7 oF”

2
_ _ pl2;23( VTU22 1
blg—bgl =F“Fr < 1 221)22) -UFU,

and

F22 p33 1 v2u11v9g + 1
bog = [ — + —— — 2 ) . (FY)% = F2\2 . yFv.
> <v33 N V22 Y > (vF") <F22’022 * F33v33 >( )

Claim 2. The matrix

Fll

7(?)2’1)221]33 -vFY —Fll(vz’ugg -vF"?

V11 _F11F22
+F?2y99 + F33033) +F1)
22
M, = _plip22 o (F'on _ 2233
+F33U33)
33
—F (v?vgg - vFY _ 2233 @(02011022 ~vF"
+F11) +F My + F22v22)

is positive semidefinite modulo ¢.
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Claim 3. The matrix

v11 v33 L%(UF”)z %f(’vF”)z

My

= %(UFU)Z bu 612
%;(UFU)Q b21 baso

is positive definite modulo ¢.

Once Claim 2 and Claim 3 are proved, it follows that the symmetric matrix M is
positive semidefinite modulo ¢. That is, the corresponding quadratic form f(X) satisfies

f(X)=xTmMx >o.

Combining this with formula (4.19), we conclude the proof of Theorem 4.1. O

It remains to prove Claim 2 and Claim 3.
Proof of Claim 2. Let us compute the leading principal minors of M, denoted by
Pl(Ml), PQ(Ml) and Pg(Ml)
e P (My). It is evident that
Fll

Py (M) = TH(U21}22U33 CVFY 4+ F2u9 + F33033) > 0.

e Py(Mj). Note that F33 = F11. By (4.16) and (4.17), we have

Fit F22
P(M1) = 2 Py 0+ F o+ Fus) - T (M 4 PP — (-
(F11)2p22
T onve ((V*v22v33 - VF + F2v99 + F¥033) - (v11 + v33) — F*011092)
(F11)2F22
T onum (v2(v11 + v33) V20033 - VEY 4+ F2099033 + F¥v11vs3 + F¥3035)
1
FI2 22,
~ (17)11712233(’02(1}11 + U33)U22’033 . ’UFU + 'UFU)
l1y2 22
~ ()—7)33(1]}711)2 > 0.
V11022

e P3(M;). To compute det(M;), we perform elementary column operations on Mj.
Specifically, we multiply the first column by % and add it to the second column, then
multiply the first column by —1 and add it to the third column. By (4.16) and (4.17), we
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obtain the transformed matrix

11
%(02’022033 CUFY Rl Fvy2 P v)2
+F?2099 + F33v33) v (0F") v (0F")
—Fip2 0 0
—FU U2U22 -vFY Fl1 it
ngﬂ) ~om VF) g 0F)?

At this point, the second and third columns become proportional. Therefore,

P3(M1) = det(Ml) ~ 0.
O

By Lemma 2.2, the matrix M; is positive semidefinite modulo ¢.

Proof of Claim 3. By the same argument, we compute the leading principal minors
of Mg, denoted by Pl(Mg), PQ(MQ) and Pg(MQ)

e P(My). Clearly,
F33 Fll
> - (WFY)? > 0.

Py (M) = <Ull + @

o Py(Mys). Recall from (2.9) that
FUR2 _ (F12)2 _ (F28)2 = 2,

(4.20)
Using equations (4.16) and (4.17), we obtain
33 i F23 2
PQ(MQ) = < + ) . (’UFv)2 -b11 — <(UFU)2>
V11 V33 v11
F33 Fll Fll F22
= 4+ '(UFV)Q' 7_‘_7_2}2 -(UFv)Q
V11 V33 V22 V11
’1)2’0221}33 +1 1 2 2
_ 1232 v ) — (2 (pFv)2
< Fllyy F221122>( ) > <U11 (vF")
4 Fll Fv 3
_ (Ull U33) Fll(ruvl F)221)22 i <(F11,Ull + F22’U22 . U2’011’U22) . F11F22 CoFv
1

U11V33
F23 2
— ((’022}227}33 + 1) . F22U22 + Fuvn) . (F12)2> — ( U2 ) . (’UFU)4
11

(UFU)3 2 33 11 222 v
Flly  F209 (vivgou3z + 1 — FPv33) - FF*° - 0 F

(1)11 + 1)33)F11
V11033
F23 2
o (1121)22’033 . F22’U22 + vF? — F33U33) X (F12)2> . ( v2 ) . (vFv)4
11
= (o ) - Eyt U T g iy s
’U%I 11 33 V11033 FHUHFQQUQQ
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1
DLV Pt s (B (g + ) - (F12)2 - (0FY)?
V11022 U1

V11 + vU33 FUF3 1212 3 1 23\2 4
(F - (vFY)? — —(F - (vFY)*.
V11 F 111111[* 221)22 ( ) (v ) v%l ( ) (U )

We continue to simplify P»(M3). Using equations (4.16) and (4.17) again, we have

FU g1
Py(My) ~ = T2 () L (pripz (i2y2) (g ey
V1 V22 ’UHU22U33F

Fv _ 22 1
- B B e (0FY = 1) (F1)2 (0F)
VT V22 Ui
o _ 22 1
v v22 (F12)2 . (,UF”U)3 _ T(F23)2 . (UFU)4

020 F?22 2,
1 V11 + V33
- - F11F22 . F12 AN FY 4 Y11 T v33 F11F22 _ F12 A v 4
U%1U22F22( (F)7) - (vF")" + 7}%12}22%31;,22( (F**)%) - (vF")
1 )
+ UT(F11F22 _ (F12)2 . (F23>2) ) ('I}Fv)4
11
1 1
:7F11F22_ F122 . UFU 4+7F11F22_ F12 2 F232 . 'UFU 4'
011U22v33F22( (F)7) - () U%I( (F5)" = (F7)7) - (vF)

From (4.20), it follows that

2 F23 2 2
VA Ry S ) 0.

Py(M3) ~ .
V11 V22033 F?2 v

e P3(Ms). Let us compute the determinant of My. As before, we perform elementary

column operations on Ms, which do not change the determinant of M. Specifically, we
F28
ﬁvnﬁm

and add it to the third column. These operations yield

and add it to the second column, then multiply

multiply the first column by —
_F2 vy

F11 v114v33
the transformed matrix

the first column by

(vi1+vs3)F1! )2

e (vF") 0 0
F23 v)2 _wgy (F)? v\2 1 Fp12p® 02
v11 (vE™) by vi1+vss Fllugg (VEY)" bi2 viitvgg  F1 (vE")
F12 /0 1p\2 1 F12p% v\2 e (F'2)? v\2
v33 (vE") ba1 viitugy  FU (VEY)* b2z v11+vss F33u33 (vF7)

Note that F'' = F33. By (4.16), (4.17) and (4.20), we have

vgg  (F?3)? 2
by — - (vF®
MU0+ vgs Flogy (F")

Fi F?2 9 ’1)21}22’1)33 +1 1
T C(0EV)? — F12)2 .
<Uz2 * 11 Y > (vF") < Fllyyy * F221)22>( )7
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vz (F?)?

_ . FU 2
v11 + v33 Fllogg (vF")
vF" 33 2 11 22 v
™ Tors & 033 F'Tor, F %0y (—F>°v3s + v voovss + 1) - (v11 +v33) - FF*° - oF

— (v22)221)33 . F227)22 +vFY — F331)33) - (v11 + v33) - (F12)2
_ 022U33F22 i (F23)2 . ’UFU>

ok
= — F33033 - FY (011 + vs3) - F2 - 0F?
(v11 + v33) FM11 F22099 ( % (vr + vs3)
+ v33 - V2 (11 + vs3)vag - FHLF? . RV
+ (vi1 + v33) - FUF? 0 F°
— U233 F?% - 02 (v11 + v33)vag - (F'2)?

— (v11 + v33) - (F)2 - 0F? + w33 - F33(vyy + v33) - (F'2)?

— vgougs 2 (F23)2. UFU)

vF"
~ o F33 (FY — F22 . F22' Y
(v11 + v33) F g F22099 ( vas - (v vz2) v
+ v3g - (VEY — 1) - FYF%2 . yFv
+ (vi1 + v33) - (FHF22 - (F12)2) ~oF”

— o3z % - (FY — 1) - (F'2)? 4 vg3 - (0F" — F?vg5) - (F'?)?

o 2}227)33}722 X (F23)2 . vFv)

(,UF’U)Q

) (v + v33)F11011F22022 0221}33}722 ) (F11F22 B (F12)2 - (F23)2) + vyt - (F11F22 — (F12)2)
(vFv)? ) ; 2 N

N (v11 + v33) Fuy F22099 v v92U33 F* + v11 (07 4+ (F=2)7) ).

Analogously, we have the following simplifications

1 F12F23 1 F12F23
bio — (VFY)? = by — (v Fv)?
TR o (0F™) T fugy L (0F")
2 1 1 F12F23
_ plepes( V022 CuF? — (VFY)2
FIU~ F2yy) " v+ gy FH (0F")
F12F23 5 99
= o T 1)33)1)22F11F22 oFv. <U (v11 + v33)v22 - F*vgg — Fll(vn + v33) — F22'U22 . ’UFU>
F12F23
~ vFY . ((UF” —1) - F?v9 — F™ (v1q + v33) — F*2vgy - UFU>

(v11 + v33) v FILF22 .
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F12F23

- (vF"Y 2
(vll + U33)’U22F11F22 (U ) 9
and
vy (F12)? )
baz — - (vF"
- v11 + V33 F33U33 ( )
(vEv)? ; N 2 N
~Y F F |
(011 + v33) F22090 33055 \ 11022 + g (0 + (F12)2)
Thus,

(v11 + v3g) F1!

P3(M3) = det(Ma) ~ 11033

(vF)?

' < (vF)*
(v11 + v33)2Fllog ) (F22090)2 F33033
. ( 2U221}33F22 —+ Q}H(vz + (F23)2)(1}2U11U22F22 + 1}33(112 + (F12)2)))
vy4
o R )
_ (v11 + vs3) M (0F)2. (vFV)*
V11033 (v11 + v33)2Flloyy (F22090)2 F33033

. < (1}2’0221}331722 + U11(U2 + (F23)2)(U21}111}22F22 + U33(U2 + (F12)2)))

- v11033(F12)2(F23)2)

(vFY)®
(v11 + v33) (V11V22V33) 2 F1L(F22)2

. (U4U11v33 . (F22v22)2 + v2v§3 cF?2099 - (v2 + (F12)2)

+ ’1)21)%1 . F221122 . (’02 + (F23)2> + 114’1}111)33 + 1)21}11’1)33 . ((F12)2 + <F23)2)>
> 0.

Therefore, the matrix My is positive definite modulo ¢. O

5. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1 by the continuity method. As a first step, we
apply Theorems 3.7 and 4.1 to establish the constant rank theorem.

Theorem 5.1 (Constant rank theorem). Let  C R* be a domain, and let v € C*(Q) be
a convex solution of (2.6). Then the Hessian V?v has constant rank throughout (2.



POWER CONVEXITY OF SOLUTIONS TO THE COMPLEX MONGE-AMPERE EQUATION 53

Proof. Define

— mi 2
l= min rank(V-v(x)).

As discussed in Section 1.3, it suffices to consider the cases [ = 2 and [ = 3. By the rank
identity in Lemma 2.1, we are reduced to proving that the matrix K has constant rank
I — 2 throughout . Define

O ={zeQ:rank(K(x)) =1—-2}.

Since [ is the minimal rank of V2v in €, the set Q* is nonempty. Moreover, Q* is relatively
closed in 2. On the other hand, Theorems 3.7 and 4.1, together with the strong maximum
principle, imply that Q* is open in €2 for [ = 2 and [ = 3, respectively. Since {2 is connected,
it follows that Q* = ). Hence, K has constant rank [ — 2 throughout ). Lemma 2.1 then
shows that V?v has constant rank [ throughout €. O

With Theorem 5.1 just established, it is well known that the proof of Theorem 1.1
follows standard arguments; see, for example, Caffarelli and Friedman [10], as well as

[34, 37, 39, 49].

Before proceeding, we require the convexity estimates near the boundary for the function
v = —/—u/2, where u satisfies the Dirichlet problem (1.3). In the following proposition,
we take av = 1/2.

Proposition 5.2 (Convexity estimates near the boundary, see Caffarelli and Friedman
[10], Korevaar [33]). Let Q C R™ be a bounded, smooth, strictly convex domain, and let
u € C%(Q) satisfy

u<0 inQ, u=0 ond?, |Vul >0 on .

Then there exists € > 0 such that the function v = —log(—u) orv=—(—u)* (0 < a < 1)
is strictly convex in the boundary strip Q\ Q, where

Qe ={reQ:d(z,00) > e}.
We now move on to the proof of Theorem 1.1.

Proof of Theorem 1.1. If Qo = By, the unit ball in R?, then the unique solution to the
transformed Dirichlet problem (2.7) is

1— 22 — |22
’U[)(aj) = \/ |Zl|2 |Z2| for x € By,

where x = (21,%2,23,24), 21 = 21 + V—123, 20 = T2 + V—1z4, |21|? = :1:% + x% and
|22|> = x3 + 22. Clearly, the function vg is strictly convex in B;. For an arbitrary

bounded, smooth, strictly convex domain €y = €2, define

Q=01-t)B; +tQ forte (0,1).
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By the theory of convex bodies, the family {{}c(o,1) provides a smooth deformation of
By into €2, preserving boundedness, smoothness, and strict convexity. For further details,
see Schneider [15].

For each t € (0,1), let v; be the solution of the Dirichlet problem

F(V2v0;, Vug,v) =0 in €,
vy =0 on 0%,

where

F(V?0,Vu,v) = v [(v11 + v33)(va2 + va4) — (v12 + v34) (V21 + v43) — (V14 — v32) (V41 — 23)]
+ v [(v3 +v7) (vi1 + v33) + (v + v3) (Va2 + vas)
—(v1v2 4+ v3v4) (V12 + V34 + V21 + V43)

—(v1vg — vou3) (V14 — V32 + Va1 — v23)] — 1.

According to the a priori estimates for the Dirichlet problem of the complex Monge-
Ampere equation established by Caffarelli, Kohn, Nirenberg and Spruck [12], we have
uniform bounds for HUtHCl:’; .(2)» depending only on the geometry of 2 and independent of
t. On the one hand, since vg is strictly convex, it follows that v; remains strictly convex
for all t € (0, 9) for some sufficiently small 6 > 0. On the other hand, if v; is strictly convex
in Q; for all t € (0,¢*) with ¢* € (0,1), then v~ must be convex in .

Now, suppose that vy is not strictly convex in 7. Then there exists tg € (0, 1) at which
V¢, is convex but not strictly convex for the first time. By Theorem 5.1 (Constant rank
theorem), the Hessian V2v;, is degenerate at every point of §);,. However, Proposition 5.2
(Convexity estimates near the boundary) implies that V2w, is of full rank in the boundary
strip Q¢, \ Q4. for some £ > 0, which depends only on the geometry of 9Q;. This leads
to a contradiction. Therefore, v; must be strictly convex in 7. Thus, we complete the
proof of Theorem 1.1. O

Remark 5.3. We provide the following example to demonstrate that the convexity exponent
1/2 cannot be improved in the general class of convex domains. Similar examples can be
found in Kennington [31], Ma and Xu [39], and in the recent work of Zhang and Zhou [19].

Consider the infinite open cone

I = {(x1, 22, 3, 24) € R*: \/(21)2 + (22)% + (23)2 < az4},

where a € (0,1). Let Q C I' be a bounded convex domain, with y = (0,0,0,0) € 9Q and
2=1(0,0,0,1) € Q. Define the function
2 2)’

A
w(z) = 5(m%+x%+m§ —a“zy
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where A > 0 is chosen such that 2A%(1 — a?) = 16. Thus, the function w satisfies

(w11 + ws3) (w2 + wag) — (w12 + w3a) (w21 + wag) — (wWia — w32)(war — we3) =16 in Q,
w<0 on dN.

Suppose that u solves the Dirichlet problem

(u11 + ugs)(u22 + uaq) — (w12 + usza)(u21 + ua3) — (w14 — us2)(ugr —ug3) = 16 in Q,
u=0 on 0.

By the comparison principle, we have w < u in Q. In particular, for t € (0,1), it follows
that —Aa?t?/2 = w(tz) < u(tz) < 0. This implies lim;_oy t~/*u(tz) = 0 provided
a > 1/2. Consequently, this shows that —(—u)® is not convexr when o > 1/2.

In fact, if —(—u)® is convex for some o > 1/2, then we have

—(=u)*((1 =)y +t2) < =(1 = )(—u)*(y) — t(—u)*(2) = —t(-u)*(2).
Rearranging this inequality yields t—/*u(tz) < u(z) < 0, which contradicts the fact that
limy_,4 t~Y*u(tz) = 0. This confirms the sharpness of the convezity exponent 1/2.
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