POWER CONVEXITY OF THE TORSION FUNCTION ON
HORO-CONVEX DOMAINS IN HYPERBOLIC SPACE
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ABSTRACT. In this paper, we study the torsion problem on bounded, smooth, strictly
horo-convex domains in hyperbolic space. We prove that if the diameter of the domain
is sufficiently small, then —\/u is strictly convex, where u denotes the torsion function.
The main ingredients of our proof are the constant rank theorem, a boundary convexity
estimate, and a deformation argument for the domain. We also show that the exponent
1/2 is optimal, even among strictly horo-convex domains of arbitrarily small diameter.
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1. INTRODUCTION

Let © be a bounded domain in a Riemannian manifold (M",g). The torsion problem
is the Dirichlet boundary value problem

{Au =—-2 in{,

1.1
(1.1) u=20 on 02,

whose solution u is called the torsion function of 2. A fundamental question is whether the
convexity of the domain is inherited by u. In the Euclidean setting, the classical theorem

of Makar-Limanov [21] asserts that —y/u is convex on a bounded convex planar domain.
The analogous model problem in spectral geometry is the first Dirichlet eigenvalue
problem
Ay ==X in
(1.2) (G 19 in Q,
=0 on 0f),

where ¢ > 0 in Q, for which Brascamp and Lieb [5] proved that log 1 is concave on convex
domains in R™. A quantitative refinement of this property played an essential role in the
proof of the fundamental gap conjecture by Andrews and Clutterbuck [2].

Several methods were subsequently developed to study these two problems. Korevaar
[17] introduced the concavity maximum principle for quasilinear elliptic and parabolic
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equations by applying the classical maximum principle to a suitable concavity function.
Kennington [15] further refined this method and used the resulting principle to establish
power convexity results for a broad class of boundary value problems. In particular,
Kennington pointed out that the concavity number 1/2 of w is sharp in (1.1); see also
the monograph of Kawohl [14]. A different approach, based on convex envelopes and the
comparison principle, was introduced by Alvarez, Lasry, and Lions [1].

Another influential tool for establishing the convexity of solutions is the so-called mi-
croscopic convexity principle, also known as the constant rank theorem. It was introduced
and developed in the 1980s by Caffarelli and Friedman [0], Singer, Wong, Yau, and Yau
[23], and Korevaar and Lewis [19]. The central idea is to prove that the Hessian of a convex
solution has constant rank. For the torsion and first eigenvalue problems, this method is
applied to —y/u and —log 1, respectively. When strict convexity is already known near
the boundary and for one member of a deformation family, the constant rank theorem
and the continuity method yield strict convexity throughout the domain. This microscopic
convexity principle was further developed for fully nonlinear elliptic equations through the
work of Caffarelli, Guan, and Ma [7], Bian and Guan [3], Székelyhidi and Weinkove [21],
and others.

Convexity properties on space forms have also received considerable attention. In par-
ticular, the log-concavity of the first eigenfunction, namely the solution to (1.2), has been
extensively studied. On the sphere S", Lee and Wang [20] proved the log-concavity of the
first Dirichlet eigenfunction on convex domains by adapting the continuity argument of
Singer, Wong, Yau, and Yau. The sharp fundamental gap estimate for convex domains in
the sphere was later established by He, Wei, and Zhang [12] for n > 3 and by Dai, Seto,
and Wei [9] for n = 2. For convex domains in surfaces of positive curvature satisfying a
condition involving the curvature and its derivatives, Khan, Nguyen, Tuerkoen, and Wei
[16] obtained strong log-concavity estimates for the first eigenfunction and corresponding
lower bounds for the fundamental gap.

Concerning the torsion problem, Korevaar [18] reported unpublished joint work with
Treibergs extending the constant rank theorem to spaces of nonnegative constant curvature
and indicated its applications to the torsion and first eigenvalue problems on the sphere.
More recently, Grossi, Provenzano, and Raom [10] gave a detailed treatment of the Lane-
Emden equation on uniformly convex domains in S? and established the corresponding
strict power convexity properties, with the torsion problem (1.1) as a particular case.

The situation changes substantially in negative curvature. Shih [22] constructed a
convex domain in the hyperbolic plane H? whose first Dirichlet eigenfunction is not log-
concave. Bourni, Clutterbuck, Nguyen, Stancu, Wei, and Wheeler [1] subsequently showed
that such counterexamples exist in the n-dimensional hyperbolic space H" for every n > 2.
These results show that geodesic convexity is insufficient to recover the corresponding Eu-
clidean conclusions. A useful stronger notion is horo-convexity. A domain 2 C H" is
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called horo-convex if at every point p € 92, there exists a horosphere through p such that
Q lies on its convex side. For a smooth domain, this is equivalent to

Isa > goa.

where Iy denotes the second fundamental form with respect to the outward unit normal
and gyo denotes the induced metric. The domain is strictly horo-convex if the above
inequality is strict. In this setting, Wei and Xiao [25] used a constant rank theorem to
establish the log-concavity of the first eigenfunction on horo-convex domains of sufficiently
small diameter in H". In dimension two, the diameter restriction was later removed by
Dai, Ennis, Nguyen, and Wei [%], who further proved that every superlevel set of the first
eigenfunction is horo-convex.

Motivated by these developments, we study the torsion problem (1.1) on bounded do-
mains in H". The following is the main result of this paper.

Theorem 1.1. Let Q) be a bounded, smooth, strictly horo-convex domain in H" for n > 2
with diameter diam () < ro(n), where ro(n) > 0 is a constant to be determined below. If
u is the solution of the torsion problem (1.1), then —\/u is strictly convex in Q.

The proof below allows us to take r9(n) = 1/(24/n). The exponent 1/2 in Theorem
1.1 is also optimal. More precisely, we show in Section 7 that for any n > 2, a > 1/2,
and ¢ > 0, there exists a bounded, smooth, strictly horo-convex domain 2 C H"™ with
diam(Q2) < e such that u® is not concave, where u denotes its torsion function.

We next outline the proof of Theorem 1.1. Set v = —y/u and, following Wei and Xiao
[25], define

(1.3) A=V — |Volg,

where Vv and V?v denote the gradient and Hessian of v with respect to the hyperbolic
metric g, respectively. The tensor A is naturally adapted to horo-convexity, since its
estimate near the boundary 02 involves precisely the difference Il — ggo. Our aim is to
prove that A > 0 throughout 2, which immediately implies that v is strictly convex.

A direct computation shows that v satisfies
1+ |Vol?
—
The key to proving the positivity of A is to establish a constant rank theorem for A. Its

(1.4) Av =

proof is more involved than that for the eigenvalue problem (1.2) considered by Wei and

Xiao [25], owing to the explicit dependence on v in equation (1.4). The eigenvalue estimate
used in their work is replaced here by the uniform estimate
1
1.5 —— <v<0 inQ.
(1.5) 5, <V in

To derive (1.5), we first study the torsion function on a sufficiently small geodesic ball and
then apply the comparison principle. On such balls, the positivity of A can also be verified
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directly. For a general domain, we prove that A is positive definite near 9 and establish
the constant rank theorem under the assumption (1.5). Finally, we construct a family of
horo-convex domains joining the given domain to a geodesic ball. Along this deformation,
any interior degeneration of A would force its rank to be constant throughout the domain,
contradicting its positivity near the boundary. The continuity method therefore yields
A>0in Q.

The paper is organized as follows. In Section 2, we provide some preliminaries, including
elementary symmetric functions and the covariant derivative formulas in hyperbolic space.
In Section 3, we study the torsion function on geodesic balls and derive the uniform
estimate, while Section 4 establishes the strict positivity of A near the boundary. Section
5 is devoted to the constant rank theorem for A, and in Section 6 we combine these results
with the curvature flow deformation to prove Theorem 1.1. Finally, Section 7 shows that
the exponent 1/2 cannot be improved.

2. PRELIMINARIES

In this section, we recall the elementary symmetric functions and the covariant deriv-
ative identities in hyperbolic space which will be used in the proof of the constant rank
theorem. We begin with the definition of the k-th elementary symmetric function. For
1<k<mand A= (A, A, -+, \,) € R", define

or(\) = > Aiy Ni iy

1<i1 <2< <1 <N

We also adopt the convention that og(A) =1 and o_1(\) = op41(A) = 0. The definition of
oy, for vectors in R™ can be extended to n xn symmetric matrices in a natural way by letting
op(W) = op(A(W)), where A(W) = (M(W), Aa(W),--- , A\ (W)) are the eigenvalues of
the symmetric matrix W. We denote by ox_1(A|i) the (k — 1)-th elementary symmetric
function obtained by setting A\; = 0, and by o;_2(\|ij) (i # j) the (k — 2)-th elementary
symmetric function obtained by setting A; = A\; = 0. When W is diagonal, we use the
same notation oy_1(W1i) and op_o(W|ij) for the corresponding symmetric functions of
its diagonal entries.

The first and second derivatives of the elementary symmetric functions are given in the
following lemma.

Lemma 2.1 (Proposition 2.2 in [I1]). Suppose that W = (wqg) is diagonal. For k =
1,2,--- ,n, we have

(2.1)

do, (W) Jor1(Wla) if a =3,
Owag |0 if a# 3,
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and
op—2(Wlay) i a=p,v=46a#7,
=4 —ok—2(Wlay) if a=06,8=v,a#7,
0 otherwise.

8o (W)
Bwagaww;

We next record the differential identities in hyperbolic space H" of constant sectional
curvature —1. We use the curvature convention

Rijri = — (6051 — 61101

in a local orthonormal frame. For a smooth function u, subscripts denote covariant deriva-
tives. In normal coordinates at a fixed point, the Ricci commutation identities give, for

(L
(2.2) Ujii = Uiij — Uj
and
Ujiaa = Uaaii — 2Ui + 2Uaq -
Consequently,
n
(2.3) Z Ui = (Au)u — 2nu; + 2Au.
a=1

For later use, we also recall the radial formulas in geodesic polar coordinates centered
at a point o € H". The metric is

g = dr? + sinh® rdz2,
where dz? denotes the standard metric on S"~!. If 4 = u(r) is radial, the Laplacian is
(2.4) Au ="+ (n—1)cothr/,
and its Hessian is given by

(2.5) V2u = u"dr? + u' cothr(g — dr?).

3. THE GEODESIC BALL CASE AND A UNIFORM ESTIMATE

In this section, we first prove that the tensor A defined in (1.3) is positive definite on
geodesic balls of sufficiently small radius and then use the radial solution as a barrier to
obtain a uniform estimate for the torsion function on general domains.

Let B C H" be a geodesic ball of radius R, and let up denote its torsion function,
which satisfies

AUB =-2 in BR
up =0 on 0Bpg.
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By rotational invariance and uniqueness, upg depends only on the radial variable . Hence,
by the radial Laplacian formula (2.4), up satisfies
(3.1) up + (n—1)cothruy = =2 in (0, R)
with v/3(0) = 0 and ug(R) = 0. Equivalently,
(sinh™ ! ruly) = —2sinh™ 7,

and hence .
ug(r) = —2(sinh T)l_”/ sinh™ ! sds < 0
0

for r € (0, R). Set vg = —,/up and denote ¢ = v/z. Since uy < 0, we have ¢ = —% >0
in (0, R), so that |[Vug| = ¢, while equation (1.4) then becomes
14 ¢?

(3.2) ¢ = —(n—1)cothry — .
UB

We now verify the positivity of the tensor (1.3) for vp. The following proposition also
provides an explicit restriction on the radius of the ball.

Proposition 3.1. Define

(3.3) po(n) = arccoth (

1+/5+4/(n— 1))
5 .

If 0 < R < po(n), then we have
V2vp — |Vuglg >0 in Bg.

Proof. By (2.5), the radial eigenvalue of V2vp — |Vug|g is ¢/ — ¢, while its tangential
eigenvalue is (cothr — 1)¢ with multiplicity n — 1. Since ¢ > 0 and cothr > 1, it remains
to prove that
¢ —¢@>0.

Let h = ¢/ — ¢. At the center, since ¢(0) = 0, taking the limit » — 0 in (3.2) and

applying L’Hopital’s rule yield
1
0 =40) =~

Arguing by contradiction, suppose that h vanishes somewhere in (0, R). Denoting its first
zero by ry, one has

h(r)>0 forO<r<ry, h(r)=0, h(r)<O0,
while h(r1) = 0 means that ¢'(r1) = ¢(r1), and (3.2) at r, takes the form

1 2
(3.4) (14 (n— 1) cothr)p = — ;”0 .
B
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Differentiating (3.2) gives

2 14 ¢?

¢" = (n — 1)esch®ro — (n — 1) cothry’ — —p¢' + M,

vB ’UB
which, together with (3.4) and ¢'(r1) = ¢(r1), yields at
A —

2 1+ ¢?

= (n — 1)esch?rip — (n — 1) cothrip — —? + M —¢
vp vy

_ S0<(n — 1)eschry — (14 (n — 1) cothry)

2(1+4 (n — 1)cothr)? (14 (n — 1) cothry)?¢?

_l’_
1+ ¢? 1+ 2

> ¢ ((n — 1)esch?ry — 1 — (n — 1) cothry) .

Moreover, in view of the identity csch?r, = coth?r; — 1, we have

h'>(n—1)p (Coth2 r1 — cothry — n 1) .
n_

The right-hand side is positive whenever

14++/5+4/(n—1)
5 :

cothry >

Since

po(n) = arccoth (

1+/5+4/(n— 1))
5 ,

for R < po(n), it follows from 1 < R < po(n) and the strict decrease of cothr that
cothry > coth pp(n).

This yields A'(r1) > 0, whereas h/(r1) < 0, a contradiction. Hence h > 0 on [0, R), and
the proposition follows. O

We next derive the estimate required in the constant rank theorem.

Proposition 3.2. Letn > 2, and let 2 C H" be contained in a geodesic ball Br of radius
R > 0. If uq is the torsion function of Q) and vq = —,/uq, then

R
——=<va <0 in Q.

vn
In particular, if R < 1/(2y/n), then

1
(3.5) — 5, <va<0 nQ
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Proof. Setting A(r) = sinh" ! 7 and multiplying equation (3.1) by A(r) yield

(A(r)up(r))" = —2A(r).

Since u/5(0) = 0, integration over [0, 7] gives

up(r) = _A?r) /Or A(s)ds.

Using up(R) = 0, we further obtain

wp(r) = z/TR Ait) (/OtA(s)ds> dt.
up(0) = Q/OR smhilt </Ot sinh™ ! sds> dt.

Notice that sinh7/7 is increasing on (0, 00), and hence sinh s/sinht < s/t for 0 < s <t
It follows that

In particular,

1 t t inh n—1
_1/ Sinhn_l sds = / Sl.n 5 ds
sinh" ™"t Jo o \sinht
t n—1 t
< / (8> ds = —.
o \t

n
Therefore, up(0) < R?*/n. From vz < 0 in (0, R), we deduce 0 < up < R?/n in B, which
implies

—%<UB<O iDBR.

Moreover, if 2 C Bp, the comparison principle yields ug < up in §2, and hence

R
——=<wvg <0 in
\/ﬁ Q 3
which proves the proposition.

Finally, a direct computation shows that

< o)
— n
o/n 10
for every n > 2. Therefore, the choice

ro(n) = 2\1/5

guarantees both the strict positivity of A on geodesic balls and the uniform estimate (3.5)
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4. BOUNDARY CONVEXITY ESTIMATE

We next establish the boundary convexity estimate needed in the proof of the main
theorem. The argument closely follows the proof of Wei and Xiao [25, Lemma 4.1] and is
included for completeness.

Proposition 4.1 (Boundary convexity estimate). Let Q be a bounded, smooth, strictly
horo-convex domain in H" for n > 2, and let u solve (1.1). For v = —\/u, there is a small
neighborhood N of 02 such that

V2 —|Volg >0 in N NQ.
Proof. Let v denote the unit outward normal to 9€2. By the maximum principle and the

Hopf lemma, we have u > 0 in 2 and V,u < 0 on 0f2. Since v = 0 on 912, all its tangential
derivatives vanish there, and hence

Vu = (Vyu)v = —|Vuly on 0.
For any p € 9§ and e € T),012, we have
V2u(e,e) = e(e(u)) — (Vee)u = — (Vee, Vu) = (e, ) V,u = —1l(e, e)|Vul,

where IT is the second fundamental form of 92 and (-, -) denotes the inner product induced
by the hyperbolic metric g.

Direct computation in Q yields

Vu |Vul
Vv = S oul/2’ Vol = 21/2
and
02y — Vu®@Vu  Vu .
AuB/2 20172
Therefore, for any vector e,
1 Veul?
(4.1) V2u(e,e) — |Volle]* = 50173 <| 26;4 — VZu(e,e) — |VuHe|2> .
When e € T),0f) is a unit tangential vector, strict horo-convexity implies
(4.2) — V2u(e,e) — |Vulle]? = |Vu|(IL(e, ) — |e|?) > 0.

Near 99, write a general unit vector as e = e +et, where et = (e, Vu/ | Vu|) Vu/|Vul.
Then

2 2
\veu\2=<e7w>2=<e,rww> =\w|2<e, V“> — [Vuletp,

|Vul |Vul
and substituting into (4.1), we obtain
1 \V4 2|,12
V2u(e,e) — |Volle|* = Y (’ u‘2u€ ©_ V2u(e, e) — |Vu||e|2> .
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By (4.2), compactness and continuity, there exists 7 > 0 such that V2v(e,e) — |Vv|le|? > 0
near 0 for every unit vector e satisfying |e*| < 7. Since u — 0, |Vu/ is bounded away
from zero, and V?u is bounded near 952, we have

V2u(e, e) — |Volle|* — 400

uniformly for |et| > 7 as  — 9Q. Hence the tensor V2v — |Vo|g is positive definite in a
small neighborhood of 92, which completes the proof. 0

5. THE CONSTANT RANK THEOREM

We now turn to a key result of the paper, namely the constant rank theorem for the
tensor A = V2v — |Vu|g defined in (1.3), which states that A has constant rank whenever
it is nonnegative definite and v satisfies the uniform estimate (3.5).

Proposition 5.1 (Constant rank theorem). Let Q be a bounded, smooth domain in H"
forn > 2, and let v € C*(Q) be a solution of

1+ |Vol?
(5.1) Av:—u
v
satisfying
1
5.2 —— <wv<0 in Q.
(5.2) 5o <V in

If A = V% —|Vulg >0 in Q, then A has constant rank in €.

Proof. Let [ be the minimal rank of A in 2,1 =0,1,---,n, and suppose that this rank is
attained at xg. We define the auxiliary function

¢(x) = o111 (A(@))-

Following the standard argument, it suffices to prove that there exists a neighborhood O
of x¢ and a positive constant C, independent of ¢, such that

(5.3) Ap < C(é+|V]) inO.

For any x € Q, let Ay > Ay > --- > A, be the eigenvalues of A at x. There is a
positive constant ¢ > 0 such that A\;y > Ao > .-+ > \; > ¢. Let G = {1,2,---,1} and
B={l+1,1+2,---,n} be the “good” and “bad” sets of indices, respectively. If there
is no confusion, we also denote the “good” and “bad” eigenvalues of A by G and B,
respectively.

Following the notation in [0], for two functions h(z) and k(x) defined in O, we say that
h(z) < k(x) if there exists a positive constant C; such that

h(z) — k(z) < Ci(d(x) + [Vo(z)]).
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We also write h(z) ~ k(z) if h(z) S k(z) and k(z) S h(z). Next, we write h < k if the
above inequality holds for any x € O, with constant C7 independent of x. Finally, h ~ k
means h < k and k < h.

For each fixed z € O, by choosing a local orthonormal frame {ej, ez, - ,e,}, we may
assume that A is diagonal at = and A;; = A; for any ¢ = 1,2,--- ;n. The following
calculations will be carried out at a fixed point . When we use the relation <, all

constants are under control.

The case [ = n is immediate, since A is then of full rank in Q. Throughout the proof,
set w = |Vv|. When [ = 0, the assumption (5.2), together with (5.1), gives

1 1
o1(A)=Av—nw=—-=-——w?—nw
v
=— —(w® + nvw + 1)
(5.4)
n o\ 2 1 2 9
T (w+§”) o
> 0.
Therefore, in what follows, we only need to consider the case [ =1,2,--- ,n — 1.

We next verify that w(zg) # 0. Suppose to the contrary that w(xg) = 0. Since A(zg) is
degenerate and (5.4) holds, we may choose orthonormal eigenvectors e; and e, such that

vir(xo) >0 and wvpn(xo) = 0.
Extend these vectors by parallel translation near o and consider
Aij = vij — (Vv e1) 6.
Since |[Vv| > (Vo,e1), we have A > A > 0 near xg, and Ay, (20) = 0 therefore yields
0 = Ann1(20) = van1 (z0) — v11(x0).

On the other hand, the nonnegative definiteness of V2v = A +wg, together with v, (2¢) =
0, implies that vy, attains a local minimum at z(, and therefore v,,;(xg) = 0, which
contradicts vi1(xg) > 0. By decreasing the size of O if necessary, we may assume that

w>0 in O.

We now return to the auxiliary function ¢. Since A is diagonal, we have that
0~ ¢~ ai(G)Y A~ > iy
icB icB
and
(5.5) A“’ ~ 0, 1 € B.
Equivalently,
(56) vy ~w, 1€ B.
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It follows from (5.5) that

o~ {8 gy 1SS

holds. For i # j, we have

0 ified,jeq,
li) ifiedG,jeB,

o 1(G\j) ifieB,jed,

o1-1(G) ifieB,jeB.

(5.8) o-1(Alij) ~

Differentiating ¢(x) and applying (2.1) and (5.7), we obtain

80
0~ ¢a = l+1 zya ZUZ )\| i
_ZO'I )\| A”a‘l-zgl )\‘ xre
1€G 1€B
~ 0i(G) Z Ajiar
1€B
which implies
(5.9) > Aiia ~ 0
i€B
and
(5.10) > viia ~ (n = Dwa,
i€B
Combining (5.7)-(5.9) with Lemma 2.1, for « = 1,2,--- ,n we calculate the second
derivatives of ¢(x),
00141 %0141
baa = 81\ Az‘jaa + 481\” aqu Aijaqua
0.J,pq
= Z g )\’ iiaa T Z Ulfl()\’ij)AiiaAjja - Z O'Zfl(Aﬁj)Asza
i#£j i#j

~ 01(G)> Aiiaa + (Z IS )ml(Auj)AmAm

i€B i€G  i€B  i,jEG i, jEB
JEB  jEG i) i#]

S OIE 30D SR S LREHICH

i€G@ i€B ijeG ijeB
JEB  JEG i) i#j

~ 0l(G)Y Moo + Y 01-1(Gli)Niia D Ajja + > Niia Y 01-1(Gj)Ajja

i€B i€G jeB i€B jea
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+Gl 1 Z AZZCVAj]a 2201 1 G| z]a Gl 1 Z Az]a

1,j€EB i€G 1,jJEB
i jEB i;éj
~ UZ(G) Z Niiaa + 01— 1 Z AuaAjja 2 Z Ol—1 G| z]a —0]— 1 Z Az]a
i€B i,jeEB i€G i,JEB
i j€B i
From condition (5.9), we have —Ajiq ~ > jeB Ajja, and hence
J#
Ul_l(G) Z AiiaAjja ~ —0]— 1 ZAzza
i:jEB 'LEB
i

Since 0;_1(Gli) = 01(G)/\; for i € G, we conclude that
2

Ao
~ Ul ZAuaa - QUZ ) )\ Z Az]a

i€eB i€G i,j€EB
JjEB

Summing over « yields

(511) A¢ ~ O'l(G) Z ZAiiaa - 201 Z Z Z]a —O0]— 1 Z Z Azga

a €B a ieG a 4,j€B
JEB

We now calculate the first and second derivatives of w. From w; = (|V|); = >, vjvji/w,
set a; = v;/w, so that
(5.12) > ai=1

i
and
at z. By the commutation formula (2.2) on hyperbolic space, we obtain
Wi = —W -3 Z VUV Vg + W -1 Zvﬂ +w -1 Z Vj vw v]) +w vzvm,
Jk J J#i
which implies, at x,
(5.14) Wy = —W 1a22v12Z +w™ + Z a;(viij — vj) + a;vii;.
J#

Denote the three terms on the right-hand side of (5.11) by (D), (2), and (3), respectively,
and estimate them separately.

) @ . Note that Ajiaa = Viiaa — Waa- For fixed i € B, the commutation formula (2.3)

and equation (5.1) give

Z Viina = — 2nwy + 2Av
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=273 »2(1 + w2) + v %051 + w?) + 4o 2vww;
— 20~ w — 20 ww;; — 2nvy; — 20 (1 + w2).
Using (5.6), (5.12)-(5.14), and v; = a;w, we obtain
Z Viiaa ~ — 20 3a2w? (1 + w?) + v 2w(1 + w?) + 4022w — 207 e w?
(5.15)
— 20w Z UaViia — 2nw — 2071 (1 4 w?).
a

On the other hand, in view of (5.14) a straightforward calculation yields

Zwaa:wflz —a?) aa—l—Zaa Av)g — (n—Dw

(5.16)  “
= w_lz (1—a2)?, +v 2wl +w )—2v_leaawa—(n—1)w

o
Subtracting (5.16) from (5.15) and applying vija = Ajia + Wa, wWe have
ZA“O‘O‘ ~— 273 ZQ 2(14—w )+ 4v~ 2 12 3 _ oy~ 1a2w2 — v~ wZaa i
(5.17)  “
—(n+Dw — 2071 + w?) 121—(1

Since vaq = Aq + w, it follows from (5.5) and (5.12) that the last term can be written as

(5.18) —12 a2 ~w Y (1= a2)AL 2 A =2 adda+ (n— 1w

aclG acG aeG
Moreover, by (5.1) and (5.5),
1+ w? + nvw

(5.19) > Ao~ ——

aclG
Combining (5.17)-(5.19), we arrive at

ZA“O@N—QU 32 2(1—|—w —2vw—|—v wZaa dic
w! Z(l —aZ)\2 +2 Z a2 o
acCG acG

Therefore, the term (1) becomes
= Ul Z Z Niiaa
a i€B

~ — 2073w (1 4+ w? — 20w + v?) Za
i€EB

— 211_1wal Zaa ZA”O‘ w 0’[ Z Z (1-— a

i€EB i€EB aeG
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+2(n—1)o(G g ag 2 N\
aeG

Fori € Band a € G, 1 —a? =2 bta aﬁ > a?. Combining this with (5.9) yields the
estimate

D < - 203w (1 4+ w? — 20w + v?)o (G)Za —w o) (G sza

(5 20) i€B aeG 1€EB
+2(n = Doy(G) Y ala.
aeG
e (2). Observe that
A2
“20(@) Y3 B <2206 SE 2@y =
a zg% i€G jeB Ai i€G jeB
J

For the first term on the right-hand side, fixing j € B and applying the Cauchy-Schwarz
inequality gives
_ Z zgz ZZGG Aiji)2 '
e M Yica i

By the commutation formula (2.2),

D A=) i = Y _(viij — v5).

icG i€ i€

Noting that
Z Vijj + Z viij = (Av); = v %01+ w?) — 20 ww;
i€G i€B
and using (5.6), (5.10), (5.13), we obtain
Zviij ~ v 20;(1 + w?) — 20" lww; — (n — Dw;
i€G
~ v 2a;w(l 4+ w?) — 20 ajw? — (n — Dajw

Thus,
Z Aiji ~ ajw(v (1 4+ w?) — 20w — n).
i€G
Furthermore,
1
(5.21) — Z W < - a2w2 (0_2(1 +w?) — 20" tw — n)Z.
ieq@ Ai ZGG Ai

For the second term, fix i € G. The Cauchy-Schwarz inequality yields

1
=AY < (X M)

jEB jEB
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The commutation formula (2.2), together with (5.10) and (5.13), then implies

D A=) vy =Y (v — i) ~ (0= D(wi — i) = (n— Daghs.

jEB jeB jEB
It follows that
(5.22) — Z A (n —1)a2\,.
jEB Z

Combining (5.21) and (5.22), we obtain the estimate

2
2 < — =——v (1 4+ w? — 2vw — nv?) Za
Dica i jeB
(5.23) j
2(n —)o(G Z a; 2\
(ge

e (3). The third term (3) in (5.11) is nonpositive and may be discarded.
Substituting the estimates (5.20) and (5.23) into (5.11), it follows that

A(;SSJJZ(G)Za?(—% 2(1 4 w? — 2vw + v?) IZAQ
(5.24) i€B ) aceG
vt (1 + w? — 20w — nv2)2>.

Yiec Ai
By exploiting the Cauchy-Schwarz inequality
2 5 1 2
QGZG Nz (QEZG Aa)
together with the previously established relation (5.19), the estimate (5.24) can be further
estimated by

2w (1 +w? —2vw +v?) (14 w? + now)?
2
Ap S @)y _a; ( - - E—

i€B

2w? (1 + w? — 20w — nv?)?
v3(1 + w? 4+ nvw) ’

I— 202 (1 +w? —2vw+v?)  (14+w? +nvw)? 2w (1 4+ w? — 2vw — nw?)?
N v3 2w v3(1 + w? + now) ’

In order to establish (5.3), it remains to prove that L < 0. The combination of the first
and third terms yields, after a direct computation,

22

L =
v2(1+w? + m}w)(

— (n+2)w(l +w?) +v(—2n — 1+ 3w?) + 3nv*w + n’v?)
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(1 + w? + now)?
2w

Now define
M =14+w?+nvw, N=—(n+2)w(l+w?)+v(—2n—1+3w?) + 3nv’w + n*v3.
With this notation, L takes the form
I_ 2w>N M?
v2M 2w’
Since —1/(2n) < v < 0, we have

1\? 15 15

To ensure that L < 0, it is sufficient to verify that
(5.25) 2Au3N < M3.
The case N <0 is immediate, so we only need to treat the case N > 0. Notice that

N <—(n+2w—(n+2)w - (2n + 1)v + 3nv’w

5 3
< (n+2- 2 w-(n+2u?
1 <n 4n>w (n+2)w?,

which follows from —1/(2n) < v < 0. Since N > 0, we obtain

which is equivalent to

Meanwhile, we also know from the preceding estimate that N < 3. Consequently, the

1
conditions [ <n — 1 and n > 2 imply that

3 4
1
AN < 2(n —1) <5> L <5) n

4cy,
5\*1 625 15\°
<2(2) &= = == =) < M8,
= (4) 23 1024<<16> =

Since ¢ > 0 and ¢(z9) = 0, the strong maximum principle applied to (5.3) yields
¢ =0 in O, and the standard connectedness argument then shows that A has rank [
throughout €.

Therefore, (5.25) is proved.

O
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6. PROOF OF THE MAIN THEOREM

We now complete the proof of the main theorem using the continuity method, combining
the result for geodesic balls with the boundary convexity estimate and the constant rank
theorem established in the previous sections. The key step is to deform the given domain
to a geodesic ball while preserving strict horo-convexity. Throughout the deformation, all
evolving domains remain inside a fixed ball of sufficiently small radius.

Let My = 02, where () is a smooth strictly horo-convex domain containing a point o.
The strict horo-convexity of {2 ensures that My is an admissible initial hypersurface for the
locally constrained curvature flow of Hu, Li, and Wei [13], which we apply following Wei
and Xiao [25]. The flow gives rise to a smooth family of strictly horo-convex hypersurfaces
{M;}>0 with M; = 08 and Qy = Q. Moreover, M; converges smoothly and exponentially
to a geodesic sphere centered at o, so that £2; converges to the enclosed geodesic ball. The
flow also preserves the containment property €2y C Br(o) whenever 2 C Br(o). Since the
result of Hu, Li, and Wei [13] is established for n > 3, the case n = 2 follows from the
dimension reduction argument of Wei and Xiao. We refer to [25, Sections 3 and 4] for the
precise formulation of the flow and the properties used here.

Proof of Theorem 1.1. Fix o € §, and observe that, with the choice r9(n) = 1/(2y/n)
made in Section 3, the assumption diam(Q2) < ro(n) implies Q C B, (,)(0). Let {Q}i>0
be the deformation described above, denote by u; the torsion function of €2, and set

vy = —\/Q,Tt, At = VQUt — \Vvt]g.

Since the deformation preserves the containment Q; C B, (,)(0), Proposition 3.2 yields

1
(6.1) —%<vt<0 in Q

for all t > 0.

Let By be the limiting geodesic ball and write vp_ for its transformed torsion function.
Since its radius is at most rg(n), Proposition 3.1 gives Ao, > 0 in By,. The smooth con-
vergence of ); to Bs, together with standard elliptic estimates, implies that v; converges
locally smoothly to vp__ . The strict positivity above therefore implies that A; > 0 on com-
pact subsets of By for all sufficiently large t. Meanwhile, since 0€2; converges smoothly
to 0B, the boundary estimate in Proposition 4.1 holds uniformly for all sufficiently large
t. It follows that there exists T' > 0 such that A; > 0 for every t > T.

We next apply a continuity argument to show that A; is positive definite throughout
the deformation. If A; failed to be positive definite at some positive time, let t* > 0 be the
first such time as ¢t decreases from 7. Then Ay > 0 by continuity and Ay is degenerate
at an interior point by the boundary convexity estimate (Proposition 4.1). In view of
(6.1), the constant rank theorem (Proposition 5.1) shows that A4 has constant rank in
Qs+, contradicting the fact that it is degenerate at an interior point but positive definite
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near the boundary. Hence
Ay >0 in Qy

for every t > 0. Letting t — 07 yields Ag > 0 in €, and using Proposition 4.1 and
Proposition 5.1 once again, we conclude that

V2 — |Vulg >0 in Q.

In particular, Vv > 0 in €, so v is strictly convex, which completes the proof. O

7. OPTIMALITY OF THE EXPONENT

We conclude by showing that the exponent 1/2 in Theorem 1.1 is optimal, even among
strictly horo-convex domains of arbitrarily small diameter. To be precise, given any o >
1/2 and € > 0, we construct a bounded smooth strictly horo-convex domain Q C H" with
diam(2) < € whose torsion function u has the property that u® is not concave.

By the sharpness result of Kennington [15] and a smooth approximation, there exists a
bounded smooth domain D C R"™ whose boundary has positive principal curvatures and
whose torsion function U satisfies

AU =-2 in D,
U=0 on 0D,

and
(7.1) V2(U*)(e,e) >0 at xg
for some zg € D and e € R" with |e| = 1.

We now transfer this example to hyperbolic space. Fix o € H", identify T,H" with R™
by a linear isometry, and use the exponential map exp, : T,LH"™ — H" to define

Fs5(z) = exp,(6x), Q5= Fs5(D), ford > 0.

On D, we introduce the rescaled pullback metric g5 = 6 2Fjg. If g;j(y) denote the
coefficients of the hyperbolic metric in normal coordinates centered at o, then

(F59)ij(x) = 6°gij ()
and
(95)ij(x) = gi;(0).
Since the coefficients g;; are smooth and g¢;;(0) = &;;, the chain rule yields
gs = grn  in C*(D)
as & — 0.

Let us be the torsion function of {25, and define its rescaled pullback to D by
Us = 6 2ug o F.
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Since Fj is an isometry from (D, Fyg) onto (£5,9) and
Aprg = As2g, = 62,

we obtain
Ay Us = Apgg(ug o F5) = (Agus) o Fs = —2 in D,
with Us = 0 on 0D. Consequently, the smooth convergence of the metrics and standard
elliptic estimates yield
Us - U in C2 (D),
and hence, by (7.1),
Vgé(U(;O‘)(e,e) >0 atx
for all sufficiently small 6. Moreover, since us o Fs = §°Us and a constant rescaling of a
metric does not change its Levi-Civita connection, we have

2 2 20072
Fg(Vgug“) =V gg(ug“ oFs5)=90 O‘V%(Ug‘).
Thus Vgug‘ has a positive direction at Fs(x¢), and hence u§ is not concave in Qs.

It remains to verify that {25 is strictly horo-convex and has arbitrarily small diameter.
Since 0D has positive Euclidean principal curvatures and gs converges smoothly to the
Euclidean metric on D, the principal curvatures of 9D with respect to gs are bounded
below by a constant ¢ > 0 for all sufficiently small 6. Under the rescaling Fj g = 6%gs, the
principal curvatures are multiplied by § !, and the isometry property of Fs therefore shows
that the principal curvatures of 925 are bounded below by ¢/§ > 1 when ¢ is sufficiently
small. Hence Qs is strictly horo-convex. Finally, the identity dq(o, F5(z)) = 6|z|, where
| - | denotes the Euclidean norm, and the triangle inequality imply

diam(€2s) < 2d sup |z| — 0.
zeD
Taking ¢ sufficiently small, we obtain diam({)5) < e, while u§ is not concave. This
completes the proof of the optimality of the exponent.
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