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Abstract. In this paper, we study the torsion problem on bounded, smooth, strictly
horo-convex domains in hyperbolic space. We prove that if the diameter of the domain
is sufficiently small, then −

√
u is strictly convex, where u denotes the torsion function.

The main ingredients of our proof are the constant rank theorem, a boundary convexity
estimate, and a deformation argument for the domain. We also show that the exponent
1/2 is optimal, even among strictly horo-convex domains of arbitrarily small diameter.
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1. Introduction

Let Ω be a bounded domain in a Riemannian manifold (Mn, g). The torsion problem
is the Dirichlet boundary value problem

(1.1)
{
∆u = −2 in Ω,

u = 0 on ∂Ω,

whose solution u is called the torsion function of Ω. A fundamental question is whether the
convexity of the domain is inherited by u. In the Euclidean setting, the classical theorem
of Makar-Limanov [21] asserts that −

√
u is convex on a bounded convex planar domain.

The analogous model problem in spectral geometry is the first Dirichlet eigenvalue
problem

(1.2)
{
∆ψ = −λ1ψ in Ω,

ψ = 0 on ∂Ω,

where ψ > 0 in Ω, for which Brascamp and Lieb [5] proved that logψ is concave on convex
domains in Rn. A quantitative refinement of this property played an essential role in the
proof of the fundamental gap conjecture by Andrews and Clutterbuck [2].

Several methods were subsequently developed to study these two problems. Korevaar
[17] introduced the concavity maximum principle for quasilinear elliptic and parabolic
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equations by applying the classical maximum principle to a suitable concavity function.
Kennington [15] further refined this method and used the resulting principle to establish
power convexity results for a broad class of boundary value problems. In particular,
Kennington pointed out that the concavity number 1/2 of u is sharp in (1.1); see also
the monograph of Kawohl [14]. A different approach, based on convex envelopes and the
comparison principle, was introduced by Alvarez, Lasry, and Lions [1].

Another influential tool for establishing the convexity of solutions is the so-called mi-
croscopic convexity principle, also known as the constant rank theorem. It was introduced
and developed in the 1980s by Caffarelli and Friedman [6], Singer, Wong, Yau, and Yau
[23], and Korevaar and Lewis [19]. The central idea is to prove that the Hessian of a convex
solution has constant rank. For the torsion and first eigenvalue problems, this method is
applied to −

√
u and − logψ, respectively. When strict convexity is already known near

the boundary and for one member of a deformation family, the constant rank theorem
and the continuity method yield strict convexity throughout the domain. This microscopic
convexity principle was further developed for fully nonlinear elliptic equations through the
work of Caffarelli, Guan, and Ma [7], Bian and Guan [3], Székelyhidi and Weinkove [24],
and others.

Convexity properties on space forms have also received considerable attention. In par-
ticular, the log-concavity of the first eigenfunction, namely the solution to (1.2), has been
extensively studied. On the sphere Sn, Lee and Wang [20] proved the log-concavity of the
first Dirichlet eigenfunction on convex domains by adapting the continuity argument of
Singer, Wong, Yau, and Yau. The sharp fundamental gap estimate for convex domains in
the sphere was later established by He, Wei, and Zhang [12] for n ≥ 3 and by Dai, Seto,
and Wei [9] for n = 2. For convex domains in surfaces of positive curvature satisfying a
condition involving the curvature and its derivatives, Khan, Nguyen, Tuerkoen, and Wei
[16] obtained strong log-concavity estimates for the first eigenfunction and corresponding
lower bounds for the fundamental gap.

Concerning the torsion problem, Korevaar [18] reported unpublished joint work with
Treibergs extending the constant rank theorem to spaces of nonnegative constant curvature
and indicated its applications to the torsion and first eigenvalue problems on the sphere.
More recently, Grossi, Provenzano, and Raom [10] gave a detailed treatment of the Lane-
Emden equation on uniformly convex domains in S2 and established the corresponding
strict power convexity properties, with the torsion problem (1.1) as a particular case.

The situation changes substantially in negative curvature. Shih [22] constructed a
convex domain in the hyperbolic plane H2 whose first Dirichlet eigenfunction is not log-
concave. Bourni, Clutterbuck, Nguyen, Stancu, Wei, and Wheeler [4] subsequently showed
that such counterexamples exist in the n-dimensional hyperbolic space Hn for every n ≥ 2.
These results show that geodesic convexity is insufficient to recover the corresponding Eu-
clidean conclusions. A useful stronger notion is horo-convexity. A domain Ω ⊂ Hn is



POWER CONVEXITY OF THE TORSION FUNCTION IN HYPERBOLIC SPACE 3

called horo-convex if at every point p ∈ ∂Ω, there exists a horosphere through p such that
Ω lies on its convex side. For a smooth domain, this is equivalent to

II∂Ω ≥ g∂Ω,

where II∂Ω denotes the second fundamental form with respect to the outward unit normal
and g∂Ω denotes the induced metric. The domain is strictly horo-convex if the above
inequality is strict. In this setting, Wei and Xiao [25] used a constant rank theorem to
establish the log-concavity of the first eigenfunction on horo-convex domains of sufficiently
small diameter in Hn. In dimension two, the diameter restriction was later removed by
Dai, Ennis, Nguyen, and Wei [8], who further proved that every superlevel set of the first
eigenfunction is horo-convex.

Motivated by these developments, we study the torsion problem (1.1) on bounded do-
mains in Hn. The following is the main result of this paper.

Theorem 1.1. Let Ω be a bounded, smooth, strictly horo-convex domain in Hn for n ≥ 2

with diameter diam(Ω) ≤ r0(n), where r0(n) > 0 is a constant to be determined below. If
u is the solution of the torsion problem (1.1), then −

√
u is strictly convex in Ω.

The proof below allows us to take r0(n) = 1/(2
√
n). The exponent 1/2 in Theorem

1.1 is also optimal. More precisely, we show in Section 7 that for any n ≥ 2, α > 1/2,
and ε > 0, there exists a bounded, smooth, strictly horo-convex domain Ω ⊂ Hn with
diam(Ω) < ε such that uα is not concave, where u denotes its torsion function.

We next outline the proof of Theorem 1.1. Set v = −
√
u and, following Wei and Xiao

[25], define
(1.3) Λ = ∇2v − |∇v|g,

where ∇v and ∇2v denote the gradient and Hessian of v with respect to the hyperbolic
metric g, respectively. The tensor Λ is naturally adapted to horo-convexity, since its
estimate near the boundary ∂Ω involves precisely the difference II∂Ω − g∂Ω. Our aim is to
prove that Λ > 0 throughout Ω, which immediately implies that v is strictly convex.

A direct computation shows that v satisfies

(1.4) ∆v = −1 + |∇v|2

v
.

The key to proving the positivity of Λ is to establish a constant rank theorem for Λ. Its
proof is more involved than that for the eigenvalue problem (1.2) considered by Wei and
Xiao [25], owing to the explicit dependence on v in equation (1.4). The eigenvalue estimate
used in their work is replaced here by the uniform estimate

(1.5) − 1

2n
< v < 0 in Ω.

To derive (1.5), we first study the torsion function on a sufficiently small geodesic ball and
then apply the comparison principle. On such balls, the positivity of Λ can also be verified
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directly. For a general domain, we prove that Λ is positive definite near ∂Ω and establish
the constant rank theorem under the assumption (1.5). Finally, we construct a family of
horo-convex domains joining the given domain to a geodesic ball. Along this deformation,
any interior degeneration of Λ would force its rank to be constant throughout the domain,
contradicting its positivity near the boundary. The continuity method therefore yields
Λ > 0 in Ω.

The paper is organized as follows. In Section 2, we provide some preliminaries, including
elementary symmetric functions and the covariant derivative formulas in hyperbolic space.
In Section 3, we study the torsion function on geodesic balls and derive the uniform
estimate, while Section 4 establishes the strict positivity of Λ near the boundary. Section
5 is devoted to the constant rank theorem for Λ, and in Section 6 we combine these results
with the curvature flow deformation to prove Theorem 1.1. Finally, Section 7 shows that
the exponent 1/2 cannot be improved.

2. Preliminaries

In this section, we recall the elementary symmetric functions and the covariant deriv-
ative identities in hyperbolic space which will be used in the proof of the constant rank
theorem. We begin with the definition of the k-th elementary symmetric function. For
1 ≤ k ≤ n and λ = (λ1, λ2, · · · , λn) ∈ Rn, define

σk(λ) =
∑

1≤i1<i2<···<ik≤n

λi1λi2 · · ·λik .

We also adopt the convention that σ0(λ) = 1 and σ−1(λ) = σn+1(λ) = 0. The definition of
σk for vectors in Rn can be extended to n×n symmetric matrices in a natural way by letting
σk(W ) = σk(λ(W )), where λ(W ) = (λ1(W ), λ2(W ), · · · , λn(W )) are the eigenvalues of
the symmetric matrix W . We denote by σk−1(λ|i) the (k − 1)-th elementary symmetric
function obtained by setting λi = 0, and by σk−2(λ|ij) (i ̸= j) the (k − 2)-th elementary
symmetric function obtained by setting λi = λj = 0. When W is diagonal, we use the
same notation σk−1(W |i) and σk−2(W |ij) for the corresponding symmetric functions of
its diagonal entries.

The first and second derivatives of the elementary symmetric functions are given in the
following lemma.

Lemma 2.1 (Proposition 2.2 in [11]). Suppose that W = (wαβ) is diagonal. For k =

1, 2, · · · , n, we have

(2.1) ∂σk(W )

∂wαβ
=

{
σk−1(W |α) if α = β,

0 if α ̸= β,
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and

∂2σk(W )

∂wαβ∂wγδ
=


σk−2(W |αγ) if α = β, γ = δ, α ≠ γ,

−σk−2(W |αγ) if α = δ, β = γ, α ̸= γ,

0 otherwise.

We next record the differential identities in hyperbolic space Hn of constant sectional
curvature −1. We use the curvature convention

Rijkl = −(δikδjl − δilδjk)

in a local orthonormal frame. For a smooth function u, subscripts denote covariant deriva-
tives. In normal coordinates at a fixed point, the Ricci commutation identities give, for
i ̸= j,

(2.2) ujii = uiij − uj

and
uiiαα = uααii − 2uii + 2uαα.

Consequently,

(2.3)
n∑

α=1

uiiαα = (∆u)ii − 2nuii + 2∆u.

For later use, we also recall the radial formulas in geodesic polar coordinates centered
at a point o ∈ Hn. The metric is

g = dr2 + sinh2 rdz2,

where dz2 denotes the standard metric on Sn−1. If u = u(r) is radial, the Laplacian is

(2.4) ∆u = u′′ + (n− 1) coth ru′,

and its Hessian is given by

(2.5) ∇2u = u′′dr2 + u′ coth r(g − dr2).

3. The geodesic ball case and a uniform estimate

In this section, we first prove that the tensor Λ defined in (1.3) is positive definite on
geodesic balls of sufficiently small radius and then use the radial solution as a barrier to
obtain a uniform estimate for the torsion function on general domains.

Let BR ⊂ Hn be a geodesic ball of radius R, and let uB denote its torsion function,
which satisfies {

∆uB = −2 in BR

uB = 0 on ∂BR.
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By rotational invariance and uniqueness, uB depends only on the radial variable r. Hence,
by the radial Laplacian formula (2.4), uB satisfies

(3.1) u′′B + (n− 1) coth ru′B = −2 in (0, R)

with u′B(0) = 0 and uB(R) = 0. Equivalently,

(sinhn−1 ru′B)
′ = −2 sinhn−1 r,

and hence
u′B(r) = −2(sinh r)1−n

∫ r

0
sinhn−1 sds < 0

for r ∈ (0, R). Set vB = −√
uB and denote φ = v′B. Since u′B < 0, we have φ = − u′

B

2u
1/2
B

> 0

in (0, R), so that |∇vB| = φ, while equation (1.4) then becomes

(3.2) φ′ = −(n− 1) coth rφ− 1 + φ2

vB
.

We now verify the positivity of the tensor (1.3) for vB. The following proposition also
provides an explicit restriction on the radius of the ball.

Proposition 3.1. Define

(3.3) ρ0(n) = arccoth

(
1 +

√
5 + 4/(n− 1)

2

)
.

If 0 < R < ρ0(n), then we have

∇2vB − |∇vB|g > 0 in BR.

Proof. By (2.5), the radial eigenvalue of ∇2vB − |∇vB|g is φ′ − φ, while its tangential
eigenvalue is (coth r− 1)φ with multiplicity n− 1. Since φ > 0 and coth r > 1, it remains
to prove that

φ′ − φ > 0.

Let h = φ′ − φ. At the center, since φ(0) = 0, taking the limit r → 0 in (3.2) and
applying L’Hôpital’s rule yield

h(0) = φ′(0) = − 1

nvB(0)
> 0.

Arguing by contradiction, suppose that h vanishes somewhere in (0, R). Denoting its first
zero by r1, one has

h(r) > 0 for 0 ≤ r < r1, h(r1) = 0, h′(r1) ≤ 0,

while h(r1) = 0 means that φ′(r1) = φ(r1), and (3.2) at r1 takes the form

(3.4) (1 + (n− 1) coth r1)φ = −1 + φ2

vB
.
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Differentiating (3.2) gives

φ′′ = (n− 1)csch2rφ− (n− 1) coth rφ′ − 2

vB
φφ′ +

φ(1 + φ2)

v2B
,

which, together with (3.4) and φ′(r1) = φ(r1), yields at r1
h′ = φ′′ − φ′

= (n− 1)csch2r1φ− (n− 1) coth r1φ− 2

vB
φ2 +

φ(1 + φ2)

v2B
− φ

= φ

(
(n− 1)csch2r1 − (1 + (n− 1) coth r1)

+
2(1 + (n− 1) coth r1)φ

2

1 + φ2
+

(1 + (n− 1) coth r1)
2φ2

1 + φ2

)
≥ φ

(
(n− 1)csch2r1 − 1− (n− 1) coth r1

)
.

Moreover, in view of the identity csch2r1 = coth2 r1 − 1, we have

h′ ≥ (n− 1)φ

(
coth2 r1 − coth r1 −

n

n− 1

)
.

The right-hand side is positive whenever

coth r1 >
1 +

√
5 + 4/(n− 1)

2
.

Since

ρ0(n) = arccoth

(
1 +

√
5 + 4/(n− 1)

2

)
,

for R < ρ0(n), it follows from r1 < R < ρ0(n) and the strict decrease of coth r that

coth r1 > coth ρ0(n).

This yields h′(r1) > 0, whereas h′(r1) ≤ 0, a contradiction. Hence h > 0 on [0, R), and
the proposition follows. □

We next derive the estimate required in the constant rank theorem.

Proposition 3.2. Let n ≥ 2, and let Ω ⊂ Hn be contained in a geodesic ball BR of radius
R > 0. If uΩ is the torsion function of Ω and vΩ = −√

uΩ, then

− R√
n
< vΩ < 0 in Ω.

In particular, if R ≤ 1/(2
√
n), then

(3.5) − 1

2n
< vΩ < 0 in Ω.
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Proof. Setting A(r) = sinhn−1 r and multiplying equation (3.1) by A(r) yield

(A(r)u′B(r))
′ = −2A(r).

Since u′B(0) = 0, integration over [0, r] gives

u′B(r) = − 2

A(r)

∫ r

0
A(s)ds.

Using uB(R) = 0, we further obtain

uB(r) = 2

∫ R

r

1

A(t)

(∫ t

0
A(s)ds

)
dt.

In particular,

uB(0) = 2

∫ R

0

1

sinhn−1 t

(∫ t

0
sinhn−1 sds

)
dt.

Notice that sinh τ/τ is increasing on (0,∞), and hence sinh s/ sinh t < s/t for 0 < s < t.
It follows that

1

sinhn−1 t

∫ t

0
sinhn−1 sds =

∫ t

0

(
sinh s

sinh t

)n−1

ds

<

∫ t

0

(s
t

)n−1
ds =

t

n
.

Therefore, uB(0) < R2/n. From u′B < 0 in (0, R), we deduce 0 < uB < R2/n in BR, which
implies

− R√
n
< vB < 0 in BR.

Moreover, if Ω ⊂ BR, the comparison principle yields uΩ ≤ uB in Ω, and hence

− R√
n
< vΩ < 0 in Ω,

which proves the proposition. □

Finally, a direct computation shows that
1

2
√
n
< ρ0(n)

for every n ≥ 2. Therefore, the choice

r0(n) =
1

2
√
n

guarantees both the strict positivity of Λ on geodesic balls and the uniform estimate (3.5).
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4. Boundary convexity estimate

We next establish the boundary convexity estimate needed in the proof of the main
theorem. The argument closely follows the proof of Wei and Xiao [25, Lemma 4.1] and is
included for completeness.

Proposition 4.1 (Boundary convexity estimate). Let Ω be a bounded, smooth, strictly
horo-convex domain in Hn for n ≥ 2, and let u solve (1.1). For v = −

√
u, there is a small

neighborhood N of ∂Ω such that

∇2v − |∇v|g > 0 in N ∩ Ω.

Proof. Let ν denote the unit outward normal to ∂Ω. By the maximum principle and the
Hopf lemma, we have u > 0 in Ω and ∇νu < 0 on ∂Ω. Since u = 0 on ∂Ω, all its tangential
derivatives vanish there, and hence

∇u = (∇νu)ν = −|∇u|ν on ∂Ω.

For any p ∈ ∂Ω and e ∈ Tp∂Ω, we have

∇2u(e, e) = e(e(u))− (∇ee)u = −⟨∇ee,∇u⟩ = II(e, e)∇νu = −II(e, e)|∇u|,

where II is the second fundamental form of ∂Ω and ⟨·, ·⟩ denotes the inner product induced
by the hyperbolic metric g.

Direct computation in Ω yields

∇v = − ∇u
2u1/2

, |∇v| = |∇u|
2u1/2

and
∇2v =

∇u⊗∇u
4u3/2

− ∇2u

2u1/2
.

Therefore, for any vector e,

(4.1) ∇2v(e, e)− |∇v||e|2 = 1

2u1/2

(
|∇eu|2

2u
−∇2u(e, e)− |∇u||e|2

)
.

When e ∈ Tp∂Ω is a unit tangential vector, strict horo-convexity implies

(4.2) −∇2u(e, e)− |∇u||e|2 = |∇u|(II(e, e)− |e|2) > 0.

Near ∂Ω, write a general unit vector as e = e⊤+e⊥, where e⊥ = ⟨e,∇u/ |∇u | ⟩∇u/|∇u|.
Then

|∇eu|2 = ⟨e,∇u⟩2 =
〈
e, |∇u| ∇u

|∇u|

〉2

= |∇u|2
〈
e,

∇u
|∇u|

〉2

= |∇u|2|e⊥|2,

and substituting into (4.1), we obtain

∇2v(e, e)− |∇v||e|2 = 1

2u1/2

(
|∇u|2|e⊥|2

2u
−∇2u(e, e)− |∇u||e|2

)
.
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By (4.2), compactness and continuity, there exists η > 0 such that ∇2v(e, e)−|∇v||e|2 > 0

near ∂Ω for every unit vector e satisfying |e⊥| ≤ η. Since u → 0, |∇u| is bounded away
from zero, and ∇2u is bounded near ∂Ω, we have

∇2v(e, e)− |∇v||e|2 → +∞

uniformly for |e⊥| ≥ η as x → ∂Ω. Hence the tensor ∇2v − |∇v|g is positive definite in a
small neighborhood of ∂Ω, which completes the proof. □

5. The constant rank theorem

We now turn to a key result of the paper, namely the constant rank theorem for the
tensor Λ = ∇2v − |∇v|g defined in (1.3), which states that Λ has constant rank whenever
it is nonnegative definite and v satisfies the uniform estimate (3.5).

Proposition 5.1 (Constant rank theorem). Let Ω be a bounded, smooth domain in Hn

for n ≥ 2, and let v ∈ C∞(Ω) be a solution of

(5.1) ∆v = −1 + |∇v|2

v

satisfying

(5.2) − 1

2n
< v < 0 in Ω.

If Λ = ∇2v − |∇v|g ≥ 0 in Ω, then Λ has constant rank in Ω.

Proof. Let l be the minimal rank of Λ in Ω, l = 0, 1, · · · , n, and suppose that this rank is
attained at x0. We define the auxiliary function

ϕ(x) = σl+1(Λ(x)).

Following the standard argument, it suffices to prove that there exists a neighborhood O
of x0 and a positive constant C, independent of ϕ, such that

(5.3) ∆ϕ ≤ C(ϕ+ |∇ϕ|) in O.

For any x ∈ Ω, let λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues of Λ at x. There is a
positive constant c > 0 such that λ1 ≥ λ2 ≥ · · · ≥ λl ≥ c. Let G = {1, 2, · · · , l} and
B = {l + 1, l + 2, · · · , n} be the “good” and “bad” sets of indices, respectively. If there
is no confusion, we also denote the “good” and “bad” eigenvalues of Λ by G and B,
respectively.

Following the notation in [6], for two functions h(x) and k(x) defined in O, we say that
h(x) ≲ k(x) if there exists a positive constant C1 such that

h(x)− k(x) ≤ C1(ϕ(x) + |∇ϕ(x)|).
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We also write h(x) ∼ k(x) if h(x) ≲ k(x) and k(x) ≲ h(x). Next, we write h ≲ k if the
above inequality holds for any x ∈ O, with constant C1 independent of x. Finally, h ∼ k

means h ≲ k and k ≲ h.
For each fixed x ∈ O, by choosing a local orthonormal frame {e1, e2, · · · , en}, we may

assume that Λ is diagonal at x and Λii = λi for any i = 1, 2, · · · , n. The following
calculations will be carried out at a fixed point x. When we use the relation ≲, all
constants are under control.

The case l = n is immediate, since Λ is then of full rank in Ω. Throughout the proof,
set w = |∇v|. When l = 0, the assumption (5.2), together with (5.1), gives

(5.4)

σ1(Λ) = ∆v − nw = −1

v
− 1

v
w2 − nw

=− 1

v
(w2 + nvw + 1)

=− 1

v

((
w +

n

2
v
)2

+ 1− n2

4
v2
)

> 0.

Therefore, in what follows, we only need to consider the case l = 1, 2, · · · , n− 1.
We next verify that w(x0) ̸= 0. Suppose to the contrary that w(x0) = 0. Since Λ(x0) is

degenerate and (5.4) holds, we may choose orthonormal eigenvectors e1 and en such that
v11(x0) > 0 and vnn(x0) = 0.

Extend these vectors by parallel translation near x0 and consider
Λ̃ij = vij − ⟨∇v, e1⟩ δij .

Since |∇v| ≥ ⟨∇v, e1⟩, we have Λ̃ ≥ Λ ≥ 0 near x0, and Λ̃nn(x0) = 0 therefore yields
0 = Λ̃nn1(x0) = vnn1(x0)− v11(x0).

On the other hand, the nonnegative definiteness of ∇2v = Λ+wg, together with vnn(x0) =
0, implies that vnn attains a local minimum at x0, and therefore vnn1(x0) = 0, which
contradicts v11(x0) > 0. By decreasing the size of O if necessary, we may assume that

w > 0 in O.

We now return to the auxiliary function ϕ. Since Λ is diagonal, we have that

0 ∼ ϕ ∼ σl(G)
∑
i∈B

Λii ∼
∑
i∈B

Λii,

and
(5.5) Λii ∼ 0, i ∈ B.

Equivalently,
(5.6) vii ∼ w, i ∈ B.
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It follows from (5.5) that

(5.7) σl(λ|i) ∼

{
0 if i ∈ G,

σl(G) if i ∈ B

holds. For i ̸= j, we have

(5.8) σl−1(λ|ij) ∼


0 if i ∈ G, j ∈ G,

σl−1(G|i) if i ∈ G, j ∈ B,

σl−1(G|j) if i ∈ B, j ∈ G,

σl−1(G) if i ∈ B, j ∈ B.

Differentiating ϕ(x) and applying (2.1) and (5.7), we obtain

0 ∼ ϕα =
∑
i,j

∂σl+1

∂Λij
Λijα =

∑
i

σl(λ|i)Λiiα

=
∑
i∈G

σl(λ|i)Λiiα +
∑
i∈B

σl(λ|i)Λiiα

∼ σl(G)
∑
i∈B

Λiiα,

which implies

(5.9)
∑
i∈B

Λiiα ∼ 0

and

(5.10)
∑
i∈B

viiα ∼ (n− l)wα.

Combining (5.7)-(5.9) with Lemma 2.1, for α = 1, 2, · · · , n we calculate the second
derivatives of ϕ(x),

ϕαα =
∑
i,j

∂σl+1

∂Λij
Λijαα +

∑
i,j,p,q

∂2σl+1

∂Λij∂Λpq
ΛijαΛpqα

=
∑
i

σl(λ|i)Λiiαα +
∑
i ̸=j

σl−1(λ|ij)ΛiiαΛjjα −
∑
i ̸=j

σl−1(λ|ij)Λ2
ijα

∼ σl(G)
∑
i∈B

Λiiαα +

(∑
i∈G
j∈B

+
∑
i∈B
j∈G

+
∑
i,j∈G
i ̸=j

+
∑
i,j∈B
i ̸=j

)
σl−1(λ|ij)ΛiiαΛjjα

−
(∑

i∈G
j∈B

+
∑
i∈B
j∈G

+
∑
i,j∈G
i ̸=j

+
∑
i,j∈B
i ̸=j

)
σl−1(λ|ij)Λ2

ijα

∼ σl(G)
∑
i∈B

Λiiαα +
∑
i∈G

σl−1(G|i)Λiiα

∑
j∈B

Λjjα +
∑
i∈B

Λiiα

∑
j∈G

σl−1(G|j)Λjjα
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+ σl−1(G)
∑
i,j∈B
i ̸=j

ΛiiαΛjjα − 2
∑
i∈G
j∈B

σl−1(G|i)Λ2
ijα − σl−1(G)

∑
i,j∈B
i ̸=j

Λ2
ijα

∼ σl(G)
∑
i∈B

Λiiαα + σl−1(G)
∑
i,j∈B
i ̸=j

ΛiiαΛjjα − 2
∑
i∈G
j∈B

σl−1(G|i)Λ2
ijα − σl−1(G)

∑
i,j∈B
i ̸=j

Λ2
ijα.

From condition (5.9), we have −Λiiα ∼
∑

j∈B
j ̸=i

Λjjα, and hence

σl−1(G)
∑
i,j∈B
i ̸=j

ΛiiαΛjjα ∼ −σl−1(G)
∑
i∈B

Λ2
iiα.

Since σl−1(G|i) = σl(G)/λi for i ∈ G, we conclude that

ϕαα ∼ σl(G)
∑
i∈B

Λiiαα − 2σl(G)
∑
i∈G
j∈B

Λ2
ijα

λi
− σl−1(G)

∑
i,j∈B

Λ2
ijα.

Summing over α yields

(5.11) ∆ϕ ∼ σl(G)
∑
α

∑
i∈B

Λiiαα − 2σl(G)
∑
α

∑
i∈G
j∈B

Λ2
ijα

λi
− σl−1(G)

∑
α

∑
i,j∈B

Λ2
ijα.

We now calculate the first and second derivatives of w. From wi = (|∇v|)i =
∑

j vjvji/w,
set ai = vi/w, so that

(5.12)
∑
i

a2i = 1

and
(5.13) wi = aivii

at x. By the commutation formula (2.2) on hyperbolic space, we obtain

wii = −w−3
∑
j,k

vjvkvjivki + w−1
∑
j

v2ji + w−1
∑
j ̸=i

vj(viij − vj) + w−1viviii,

which implies, at x,

(5.14) wii = −w−1a2i v
2
ii + w−1v2ii +

∑
j ̸=i

aj(viij − vj) + aiviii.

Denote the three terms on the right-hand side of (5.11) by 1 , 2 , and 3 , respectively,
and estimate them separately.

• 1 . Note that Λiiαα = viiαα −wαα. For fixed i ∈ B, the commutation formula (2.3)
and equation (5.1) give∑

α

viiαα = (∆v)ii − 2nvii + 2∆v



14 WEI ZHANG AND QI ZHOU

=− 2v−3v2i (1 + w2) + v−2vii(1 + w2) + 4v−2viwwi

− 2v−1w2
i − 2v−1wwii − 2nvii − 2v−1(1 + w2).

Using (5.6), (5.12)-(5.14), and vi = aiw, we obtain

(5.15)

∑
α

viiαα ∼− 2v−3a2iw
2(1 + w2) + v−2w(1 + w2) + 4v−2a2iw

3 − 2v−1a2iw
2

− 2v−1w
∑
α

aαviiα − 2nw − 2v−1(1 + w2).

On the other hand, in view of (5.14), a straightforward calculation yields

(5.16)

∑
α

wαα = w−1
∑
α

(1− a2α)v
2
αα +

∑
α

aα(∆v)α − (n− 1)w

= w−1
∑
α

(1− a2α)v
2
αα + v−2w(1 + w2)− 2v−1w

∑
α

aαwα − (n− 1)w.

Subtracting (5.16) from (5.15) and applying viiα = Λiiα + wα, we have

(5.17)

∑
α

Λiiαα ∼− 2v−3a2iw
2(1 + w2) + 4v−2a2iw

3 − 2v−1a2iw
2 − 2v−1w

∑
α

aαΛiiα

− (n+ 1)w − 2v−1(1 + w2)− w−1
∑
α

(1− a2α)v
2
αα.

Since vαα = λα + w, it follows from (5.5) and (5.12) that the last term can be written as

(5.18) w−1
∑
α

(1− a2α)v
2
αα ∼ w−1

∑
α∈G

(1− a2α)λ
2
α + 2

∑
α∈G

λα − 2
∑
α∈G

a2αλα + (n− 1)w.

Moreover, by (5.1) and (5.5),

(5.19)
∑
α∈G

λα ∼ −1 + w2 + nvw

v
.

Combining (5.17)-(5.19), we arrive at∑
α

Λiiαα ∼− 2v−3a2iw
2(1 + w2 − 2vw + v2)− 2v−1w

∑
α

aαΛiiα

− w−1
∑
α∈G

(1− a2α)λ
2
α + 2

∑
α∈G

a2αλα.

Therefore, the term 1 becomes

1 = σl(G)
∑
α

∑
i∈B

Λiiαα

∼− 2v−3w2(1 + w2 − 2vw + v2)σl(G)
∑
i∈B

a2i

− 2v−1wσl(G)
∑
α

aα
∑
i∈B

Λiiα − w−1σl(G)
∑
i∈B

∑
α∈G

(1− a2α)λ
2
α
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+ 2(n− l)σl(G)
∑
α∈G

a2αλα.

For i ∈ B and α ∈ G, 1 − a2α =
∑

β ̸=α a
2
β ≥ a2i . Combining this with (5.9) yields the

estimate

(5.20)

1 ≲− 2v−3w2(1 + w2 − 2vw + v2)σl(G)
∑
i∈B

a2i − w−1σl(G)
∑
α∈G

λ2α
∑
i∈B

a2i

+ 2(n− l)σl(G)
∑
α∈G

a2αλα.

• 2 . Observe that

−2σl(G)
∑
α

∑
i∈G
j∈B

Λ2
ijα

λi
≤ −2σl(G)

∑
i∈G

∑
j∈B

Λ2
iji

λi
− 2σl(G)

∑
i∈G

∑
j∈B

Λ2
ijj

λi
.

For the first term on the right-hand side, fixing j ∈ B and applying the Cauchy-Schwarz
inequality gives

−
∑
i∈G

Λ2
iji

λi
≤ −

(
∑

i∈G Λiji)
2∑

i∈G λi
.

By the commutation formula (2.2),∑
i∈G

Λiji =
∑
i∈G

viji =
∑
i∈G

(viij − vj).

Noting that ∑
i∈G

viij +
∑
i∈B

viij = (∆v)j = v−2vj(1 + w2)− 2v−1wwj

and using (5.6), (5.10), (5.13), we obtain∑
i∈G

viij ∼ v−2vj(1 + w2)− 2v−1wwj − (n− l)wj

∼ v−2ajw(1 + w2)− 2v−1ajw
2 − (n− l)ajw.

Thus, ∑
i∈G

Λiji ∼ ajw
(
v−2(1 + w2)− 2v−1w − n

)
.

Furthermore,

(5.21) −
∑
i∈G

Λ2
iji

λi
≲ − 1∑

i∈G λi
a2jw

2
(
v−2(1 + w2)− 2v−1w − n

)2
.

For the second term, fix i ∈ G. The Cauchy-Schwarz inequality yields

−
∑
j∈B

Λ2
ijj ≤ − 1

n− l

(∑
j∈B

Λijj

)2
.
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The commutation formula (2.2), together with (5.10) and (5.13), then implies∑
j∈B

Λijj =
∑
j∈B

vijj =
∑
j∈B

(vjji − vi) ∼ (n− l)(wi − vi) = (n− l)aiλi.

It follows that

(5.22) −
∑
j∈B

Λ2
ijj

λi
≲ −(n− l)a2iλi.

Combining (5.21) and (5.22), we obtain the estimate

(5.23)
2 ≲− 2∑

i∈G λi
v−4w2(1 + w2 − 2vw − nv2)2σl(G)

∑
j∈B

a2j

− 2(n− l)σl(G)
∑
i∈G

a2iλi.

• 3 . The third term 3 in (5.11) is nonpositive and may be discarded.
Substituting the estimates (5.20) and (5.23) into (5.11), it follows that

(5.24)
∆ϕ ≲ σl(G)

∑
i∈B

a2i

(
− 2v−3w2(1 + w2 − 2vw + v2)− w−1

∑
α∈G

λ2α

− 2∑
i∈G λi

v−4w2(1 + w2 − 2vw − nv2)2
)
.

By exploiting the Cauchy-Schwarz inequality∑
α∈G

λ2α ≥ 1

l

(∑
α∈G

λα
)2
,

together with the previously established relation (5.19), the estimate (5.24) can be further
estimated by

∆ϕ ≲ σl(G)
∑
i∈B

a2i

(
− 2w2(1 + w2 − 2vw + v2)

v3
− (1 + w2 + nvw)2

lv2w

+
2w2(1 + w2 − 2vw − nv2)2

v3(1 + w2 + nvw)

)
.

Set

L = −2w2(1 + w2 − 2vw + v2)

v3
− (1 + w2 + nvw)2

lv2w
+

2w2(1 + w2 − 2vw − nv2)2

v3(1 + w2 + nvw)
.

In order to establish (5.3), it remains to prove that L ≤ 0. The combination of the first
and third terms yields, after a direct computation,

L =
2w2

v2(1 + w2 + nvw)

(
− (n+ 2)w(1 + w2) + v(−2n− 1 + 3w2) + 3nv2w + n2v3

)
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− (1 + w2 + nvw)2

lv2w
.

Now define

M = 1 + w2 + nvw, N = −(n+ 2)w(1 + w2) + v(−2n− 1 + 3w2) + 3nv2w + n2v3.

With this notation, L takes the form

L =
2w2N

v2M
− M2

lv2w
.

Since −1/(2n) < v < 0, we have

M > 1 + w2 − w

2
=

(
w − 1

4

)2

+
15

16
≥ 15

16
.

To ensure that L ≤ 0, it is sufficient to verify that

(5.25) 2lw3N ≤M3.

The case N ≤ 0 is immediate, so we only need to treat the case N > 0. Notice that

N ≤− (n+ 2)w − (n+ 2)w3 − (2n+ 1)v + 3nv2w

≤ 5

4
−
(
n+ 2− 3

4n

)
w − (n+ 2)w3,

which follows from −1/(2n) < v < 0. Since N > 0, we obtain

5

4
−
(
n+ 2− 3

4n

)
w > 0,

which is equivalent to

w <
5

4cn
, cn = n+ 2− 3

4n
> n.

Meanwhile, we also know from the preceding estimate that N ≤ 5
4 . Consequently, the

conditions l ≤ n− 1 and n ≥ 2 imply that

2lw3N ≤ 2(n− 1)

(
5

4cn

)3 5

4
≤ 2

(
5

4

)4 n− 1

n3

≤ 2

(
5

4

)4 1

23
=

625

1024
<

(
15

16

)3

≤M3.

Therefore, (5.25) is proved.
Since ϕ ≥ 0 and ϕ(x0) = 0, the strong maximum principle applied to (5.3) yields

ϕ ≡ 0 in O, and the standard connectedness argument then shows that Λ has rank l

throughout Ω.
□
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6. Proof of the main theorem

We now complete the proof of the main theorem using the continuity method, combining
the result for geodesic balls with the boundary convexity estimate and the constant rank
theorem established in the previous sections. The key step is to deform the given domain
to a geodesic ball while preserving strict horo-convexity. Throughout the deformation, all
evolving domains remain inside a fixed ball of sufficiently small radius.

Let M0 = ∂Ω, where Ω is a smooth strictly horo-convex domain containing a point o.
The strict horo-convexity of Ω ensures that M0 is an admissible initial hypersurface for the
locally constrained curvature flow of Hu, Li, and Wei [13], which we apply following Wei
and Xiao [25]. The flow gives rise to a smooth family of strictly horo-convex hypersurfaces
{Mt}t≥0 with Mt = ∂Ωt and Ω0 = Ω. Moreover, Mt converges smoothly and exponentially
to a geodesic sphere centered at o, so that Ωt converges to the enclosed geodesic ball. The
flow also preserves the containment property Ωt ⊂ BR(o) whenever Ω ⊂ BR(o). Since the
result of Hu, Li, and Wei [13] is established for n ≥ 3, the case n = 2 follows from the
dimension reduction argument of Wei and Xiao. We refer to [25, Sections 3 and 4] for the
precise formulation of the flow and the properties used here.

Proof of Theorem 1.1. Fix o ∈ Ω, and observe that, with the choice r0(n) = 1/(2
√
n)

made in Section 3, the assumption diam(Ω) ≤ r0(n) implies Ω ⊂ Br0(n)(o). Let {Ωt}t≥0

be the deformation described above, denote by ut the torsion function of Ωt, and set

vt = −
√
ut, Λt = ∇2vt − |∇vt|g.

Since the deformation preserves the containment Ωt ⊂ Br0(n)(o), Proposition 3.2 yields

(6.1) − 1

2n
< vt < 0 in Ωt

for all t ≥ 0.
Let B∞ be the limiting geodesic ball and write vB∞ for its transformed torsion function.

Since its radius is at most r0(n), Proposition 3.1 gives Λ∞ > 0 in B∞. The smooth con-
vergence of Ωt to B∞, together with standard elliptic estimates, implies that vt converges
locally smoothly to vB∞ . The strict positivity above therefore implies that Λt > 0 on com-
pact subsets of B∞ for all sufficiently large t. Meanwhile, since ∂Ωt converges smoothly
to ∂B∞, the boundary estimate in Proposition 4.1 holds uniformly for all sufficiently large
t. It follows that there exists T > 0 such that Λt > 0 for every t ≥ T .

We next apply a continuity argument to show that Λt is positive definite throughout
the deformation. If Λt failed to be positive definite at some positive time, let t∗ > 0 be the
first such time as t decreases from T . Then Λt∗ ≥ 0 by continuity and Λt∗ is degenerate
at an interior point by the boundary convexity estimate (Proposition 4.1). In view of
(6.1), the constant rank theorem (Proposition 5.1) shows that Λt∗ has constant rank in
Ωt∗ , contradicting the fact that it is degenerate at an interior point but positive definite
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near the boundary. Hence
Λt > 0 in Ωt

for every t > 0. Letting t → 0+ yields Λ0 ≥ 0 in Ω, and using Proposition 4.1 and
Proposition 5.1 once again, we conclude that

∇2v − |∇v|g > 0 in Ω.

In particular, ∇2v > 0 in Ω, so v is strictly convex, which completes the proof. □

7. Optimality of the exponent

We conclude by showing that the exponent 1/2 in Theorem 1.1 is optimal, even among
strictly horo-convex domains of arbitrarily small diameter. To be precise, given any α >
1/2 and ε > 0, we construct a bounded smooth strictly horo-convex domain Ω ⊂ Hn with
diam(Ω) < ε whose torsion function u has the property that uα is not concave.

By the sharpness result of Kennington [15] and a smooth approximation, there exists a
bounded smooth domain D ⊂ Rn whose boundary has positive principal curvatures and
whose torsion function U satisfies{

∆U = −2 in D,

U = 0 on ∂D,

and

(7.1) ∇2(Uα)(e, e) > 0 at x0

for some x0 ∈ D and e ∈ Rn with |e| = 1.
We now transfer this example to hyperbolic space. Fix o ∈ Hn, identify ToHn with Rn

by a linear isometry, and use the exponential map expo : ToHn → Hn to define

Fδ(x) = expo(δx), Ωδ = Fδ(D), for δ > 0.

On D, we introduce the rescaled pullback metric gδ = δ−2F ∗
δ g. If gij(y) denote the

coefficients of the hyperbolic metric in normal coordinates centered at o, then

(F ∗
δ g)ij(x) = δ2gij(δx)

and
(gδ)ij(x) = gij(δx).

Since the coefficients gij are smooth and gij(0) = δij , the chain rule yields

gδ → gRn in C∞(D)

as δ → 0.
Let uδ be the torsion function of Ωδ, and define its rescaled pullback to D by

Uδ = δ−2uδ ◦ Fδ.
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Since Fδ is an isometry from (D,F ∗
δ g) onto (Ωδ, g) and

∆F ∗
δ g

= ∆δ2gδ = δ−2∆gδ ,

we obtain
∆gδUδ = ∆F ∗

δ g
(uδ ◦ Fδ) = (∆guδ) ◦ Fδ = −2 in D,

with Uδ = 0 on ∂D. Consequently, the smooth convergence of the metrics and standard
elliptic estimates yield

Uδ → U in C2
loc(D),

and hence, by (7.1),
∇2

gδ
(Uα

δ )(e, e) > 0 at x0

for all sufficiently small δ. Moreover, since uδ ◦ Fδ = δ2Uδ and a constant rescaling of a
metric does not change its Levi-Civita connection, we have

F ∗
δ (∇2

gu
α
δ ) = ∇2

F ∗
δ g
(uαδ ◦ Fδ) = δ2α∇2

gδ
(Uα

δ ).

Thus ∇2
gu

α
δ has a positive direction at Fδ(x0), and hence uαδ is not concave in Ωδ.

It remains to verify that Ωδ is strictly horo-convex and has arbitrarily small diameter.
Since ∂D has positive Euclidean principal curvatures and gδ converges smoothly to the
Euclidean metric on D, the principal curvatures of ∂D with respect to gδ are bounded
below by a constant c > 0 for all sufficiently small δ. Under the rescaling F ∗

δ g = δ2gδ, the
principal curvatures are multiplied by δ−1, and the isometry property of Fδ therefore shows
that the principal curvatures of ∂Ωδ are bounded below by c/δ > 1 when δ is sufficiently
small. Hence Ωδ is strictly horo-convex. Finally, the identity dg(o, Fδ(x)) = δ|x|, where
| · | denotes the Euclidean norm, and the triangle inequality imply

diam(Ωδ) ≤ 2δ sup
x∈D

|x| → 0.

Taking δ sufficiently small, we obtain diam(Ωδ) < ε, while uαδ is not concave. This
completes the proof of the optimality of the exponent.
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