A STRONG CONSTANT RANK THEOREM FOR SEMILINEAR
ELLIPTIC EQUATIONS
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ABSTRACT. In this paper, we establish a strong constant rank theorem for convex so-
lutions of the semilinear elliptic equation Au = G(u). For every 2 < k < n, under
the conditions G > 0, G’ < 0 and GG < k(G')?/(k — 1), we prove that if o1 (V?u)
attains a local minimum, then it vanishes identically and V?u has constant rank at most
k — 1. This resolves the question left open by Li and Xu [8] for the intermediate cases
3 <k <n—1. The main step in our proof is to handle the third derivative terms using
the concavity of suitable Hessian operators and the Lagrange multiplier method.
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1. INTRODUCTION

The constant rank theorem is an important tool in geometric partial differential equa-
tions and asserts that the Hessian of a convex solution has constant rank in the domain
under suitable structural conditions. It was first developed in the study of convexity of
solutions to semilinear elliptic equations by Caffarelli and Friedman [1] and Korevaar and

Lewis [7]. Further developments for fully nonlinear elliptic equations include the work of
Guan and Ma [0] in the study of the Christoffel-Minkowski problem, as well as that of
Caffarelli, Guan and Ma [3], Bian and Guan [2] and others.

Constant rank theorems have also been used to classify entire concave solutions of the
Liouville equation

(1.1) — Au=¢*" inR™

Bergweiler, Eremenko and Langley [1] proved that every such solution in dimension two
is one-dimensional. Using the constant rank theorem, Eremenko, Gui, Li and Xu [7]
obtained the same conclusion in arbitrary dimensions under the additional assumption
that the solution attains its supremum. Li and Xu [, Question 1.1] asked whether this
assumption can be removed. Motivated by this question, they studied convex solutions of

(1.2) Au = G(u)

with G > 0, G’ < 0 and GG” < A(G")%. They proved that if oo(V?u) attains a local

minimum, then V?u has rank one when A < 2, while the corresponding condition for
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o, (V?u) implies that it vanishes identically when A < n/(n — 1). Here, o, denotes the
k-th elementary symmetric function of the eigenvalues of the Hessian; see Section 2 for its
definition. The corresponding question for the intermediate cases 3 < k < n — 1 was left
open.

In this paper, we resolve the remaining cases and establish a unified result for every
2 < k < n under the natural condition A < k/(k — 1). Our main theorem is as follows.

Theorem 1.1. Let Q C R™ be a domain, and let u € C*(Q) be a convex solution of (1.2)
in Q. Suppose that G is a C? function and satisfies

k
(1.3) G>0, G'<0, GG"<AG)?, 0<A< —,

where 2 < k < n. If 0,,(V?u) attains a local minimum at some point xo € 2, then
0x(V2u) =0 in Q.
Moreover, V?u has constant rank v in Q, where 1 <r < k — 1.

This result strengthens the classical constant rank theorem [7] by replacing the assump-
tion that oj(V2u) vanishes at some point with the weaker assumption that it attains a
local minimum.

The proof is motivated by our earlier studies of constant rank theorems for special
Lagrangian type equations [I11, 12], where we used the Lagrange multiplier method to
estimate the third derivative terms under the constraints obtained by differentiating the
equation. We use the same method here. In the present problem, at a local minimum
of 01, (V?u), the identity Vo (V?u) = 0 provides an additional linear constraint. Com-
bining these constraints with the concavity of the suitable Hessian operators, we apply
the Lagrange multiplier method to estimate the third derivative terms, which leads to the
structural condition (1.3).

As an application, Theorem 1.1 provides a sufficient condition for an affirmative answer
to Question 1.1 in [3]. Indeed, if u is an entire concave solution of (1.1), then —u satisfies
A(—u) = G(—u), where G(t) = e ? and GG” = (G')%2. Theorem 1.1, together with
the result of Korevaar and Lewis [7, Theorem 2], implies that v depends on at most two
variables whenever o3(—V?u) attains a local minimum. The two-dimensional classification
of Bergweiler, Eremenko and Langley [1] then yields the following result.

Corollary 1.2. Letn > 3, and let u € C*(R"™) be a concave solution of (1.1). If o3(—V?u)
attains a local minimum, then u is one-dimensional.
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2. PRELIMINARIES

For A = (A1, A2, , An) € R” and 1 < k < n, the k-th elementary symmetric function

is defined by
or(\) = > Aiy Nig -+ iy
1< <ig<-<ix<n

We also adopt the convention that og(A\) = 1 and 0_1(\) = 0,4+1(A) = 0. The definition of
o} for vectors in R™ can be extended to n xn symmetric matrices in a natural way by letting
op(W) = o(A(W)), where A(W) = (M(W), Aa(W),--- , A\ (W)) are the eigenvalues of
the symmetric matrix W. We denote by oj_1(A|i) the (k — 1)-th elementary symmetric
function obtained by setting A\; = 0, and by ox_2(A|ij) (i # j) the (k — 2)-th elementary
symmetric function obtained by setting A; = A\; = 0. When W is diagonal, we use the
same notation oy_1(W|i) and o;_o(W|ij) for the corresponding symmetric functions of its
diagonal entries. The first and second derivatives of the elementary symmetric functions
are given in the following lemma.

Lemma 2.1 (Proposition 2.2 in [0]). Suppose that W = (wqag) is diagonal. For k =
1,2,--- ., n, we have

21) dop,(W)  Jor—1(Wla) if a=p,
: awaﬁ - 0 lf (64 7é 67
and
Py _ [7o2Wlen) oo —datn
EIOYIEN =< —opo(Wlay) if a=46,0=va#7,
Wap0W~§ :
0 otherwise.

For W = diag(A1, A2, -+, Ay) and a symmetric matrix B = (Bj;), it follows from Lemma
2.1 and the chain rule that

d
ail, . w(W +1tB) = Zak L (\i)Bis,
(2'2) d2 5
@t 0 (W +1tB) = Zak 2(A|ij)(BiiBjj — Bj;).
i
We also use the elementary identities below; see [9, Lemma 2.14] or [10, Section 2.5].

ox(A) = Niog—1(A|i) + or(A]i),
(2.3) thkq(kli) = ko (),

or(Ali) — ok (AlF) = (Nj — N)ok—1(Alif), @ # J.
For 1 < k < n, define
Fk:{)\ERn:O’j()\)>0f01'1§j§k}.
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These are open convex cones satisfying
ryclp,c---cTy, Thy={AeR": )\ >0 for all i}.

Finally, we state the classical concavity properties of elementary symmetric functions,
which play a key role in our proof. We refer the reader to [9] for a proof.

Lemma 2.2. For 1 <k <n, the functions a;/k()\) and op(N)/ok—1(X) are concave in Ty.

3. PROOF OF THE MAIN THEOREM

This section is devoted to the proof of Theorem 1.1. The initial calculations follow
Section 4 of Li and Xu [¢] and are included for completeness. The new part of the proof
combines the concavity properties in Lemma 2.2 with the Lagrange multiplier method to
estimate the third derivative terms for every 2 < k < n.

Proof of Theorem 1.1. Define the auxiliary function

$(z) = o (Vu(x)),
and let 29 € Q be a local minimum point of ¢. Since A < k/(k — 1) < 2, the classical
constant rank theorem of Korevaar and Lewis [7, Theorem 1] implies that V?u has constant
rank in 2. Hence it suffices to prove that ¢(xg) = 0. Suppose to the contrary that
#(x9) > 0. By choosing orthonormal coordinates, we may assume that V2u(zo) is diagonal,
with eigenvalues A\; = u;(z9), i = 1,2,--- ,n. The following calculations will be carried
out at a fixed point xg.

Taking the first derivatives of ¢(x) and applying (2.1), we obtain at the local minimum
point xg

(3.1) 0= g = S D%

T Ujjo = Zak_l()\ﬁ)uim fora=1,2,---,n.
i Ouij i

Differentiating once more and applying Lemma 2.1, we have

Jo, 820'k
$oa = — Ju;; tjaa ¥ Z muijaupqa
i, i,J:p,q
= Z ak,l(/\|i)uima + Z Uk*Q()"ij)(uiiaujja - u?ja)‘

i i#]
Consequently,
(3.2) A¢ = Z ak,l(A]i)Auii + Z Z kaZ()“ij)(uiiaujja - u?ja)'

i a i#j

To handle the fourth-order derivative terms in (3.2), we differentiate equation (1.2) with
respect to x, and obtain

(3.3) Z Ujjo = Gty
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and

(3.4) Z Uiy = G"ui + Gy

Substituting (3.4) into (3.2) and using the second identity of (2.3), we conclude that

Ap — kG'¢p = G”Zak 1(A]2)us —1—22@ a( /\|zj)(u”au”a—u?ja).
o i#j

Moreover,

Ap—kG'o < G o1 (Mi)uy

-+ Z (Z Uk,Q(A’ij)uiiQUjja -2 Z ng()\\ia)u?m) .

a N i#j ito

(3.5)

We next estimate the third-order derivative terms in (3.5) under the constraints (3.1), as-
suming first that all the A; are positive. Fix a € {1,2,--- ,n}, and set £ = (£1,&2,-++ , &) €
R™ with

gi:uiiaa i:1a2a"'7n

Then (3.1) takes the form

(3.6) > ok =0.

To estimate the term Z#j ok—2(A|i7)&€;, we consider the function

or(N)

3.7 A ———

(3.7) orp—1(A @)

which is concave in T',,. Indeed, by the first identity in (2.3),
7w, o)

or_1(Na) 7Y o 1(Ma)’

The claim now follows from Lemma 2.2. Differentiating the quotient (3.7) twice along
A + t€ and using the constraint (3.6) together with (2.2), we obtain

0> 4z oi(A +t8)
— d¢? t 0 Ok—1(A + )
= (A 5 _— (A i
— Ma gak 2(Mif)éi&; — Ma 5 > ok-3(Aija)é;
i#£] ,Z];:Ja

20, (A
T o) <Zak 2(Aie)¢ ) '
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Consequently,
Zak 2(A]ig)&is < 7/\|a Z or-3(Alija)&ig;
i#] i,j7Fo

(3.8) #J

201 (A
_ on 1 )\‘a (de 2 )\‘ZCK ) .

On the other hand, by Lemma 2.2, the concavity of oy_1(Ala)/*~1 implies that

2
0> a2 Uk—l()\+t§|a)1/(k_1)
t=0
B Uk,l()\]a)l/(kfl)fl -
= 1 Z o—3(Alija)&é;
L7
i#]
k—2
Ck—log )\\a <Zak 2(Mie)¢ ) )
Thus
-2
(3.9) Z or—3(Aija)&i&; < k Lo )\|a (Zak a(Aiar)& > .
hjFo
i#]

Combining (3.8) and (3.9), we find
k:

> ok a(Nif)sig; < —
1]

— 1o 1)\|0< <Zak 2(Aie)¢ )

[Eale

k
< - (A
= k—lakl)\\a <Z”’“2 i) )

where we used the first identity in (2.3). Since k/(k — 1) < 2, it follows that

Y ok a(Nif)ai&; =2 ora(Ai)&]
i#£j i#a

k
< —
< k—1<ak1)\|a<g op—2(Aia)€ >+E or—2(Nia)€ )

i#a

(3.10)

We now estimate the right-hand side of (3.10) by the Lagrange multiplier method under
the constraints (3.3) and (3.6). Set

Z#a op—2(Alic)&;
or_1(\ ) ’

XZ:§i7i7éa) Xa:_
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and define the quadratic polynomial
F(X1, Xa, o, Xp) = =Y opa(Ai) X7 = Aaok—1(\l@) X3
iFa
Moreover, it follows from (3.3), (3.6) and the last identity in (2.3) that
o1 (M) Gug = op_1(Ma) Y & =Y (or-1(Ma) — ox1(A]D))&
i i

= Z()\’L — Aa)ok—2(Alia);

i#a
= Xiok-a(Alie) X; + Aaoi_1 (N o) Xa.
i#a
It therefore suffices to find the maximum of f(X;, X, -+, X,,) subject to the constraint
(311) Q(Xl,XQ,"' 7X’fl) :07
where
9(X1, Xa, -+, Xn) =D Niog—a(Nia) X; + Aaoh_1 (M) Xo — 051 (A|e) Gt

i#a
For s € R, define the associated Lagrangian L by
L(Xla X27 o 7Xn7 8) - f(X17X27 o 7Xn) + 289(X17 X27 o 7Xn)

Taking partial derivatives of L, we obtain

OL
= —20p_2(Nia) X; + 2s\jop_o(N|iar), i # a,
0X;
oL
= — 2Xq0k—1(A@) X0 + 28Aq0%—1(A| ),
0Xa
and
oL
= —929(X. Xo. -+ . X)),
88 g( 17 27 9 n)
The vanishing of these derivatives implies that the stationary point satisfies
(3.12) Xi=s)\, i #£a, X,=s.

The constraint g = 0 then determines s as
B op—1(Na)G'ug
Aatr-1(Ala) + 35 20 Afok—2(Aiar)’

We next verify that the stationary point (3.12) maximizes f under (3.11). For every

nonzero vector n = (n1,M2,*+ ,Mn),
8271"7%” = —220;4,2(/\|ia)77<2 —2Xq0k_1(Ma)n? <0,
~ 0X;0X; / ' «

1

)
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so the Hessian of f is negative definite. Since g is affine, (3.12) is the unique global
maximizer under the constraint (3.11). Evaluating f at this point, we find
oi—1(Ale)*(G")ug
3.13 max f = — —.
(31 205 T TR0 la) + S0 Now 2(Vi0)
By the first two identities in (2.3),
> Nor_a(Nia) =) Ni(or-1(Ne) — or_1(A]ia))
iFa iFa
= (01(A) = Aa)ok—1(A|a) — kop(Aa).

Consequently,
Aae—1(Aa) + Y Mop_s(Aie) < o1(\)op_1(Aa).
[Ere
It follows from (3.13) that
—1(A
F(X1, Xo, o, X)) < _w(gl)%i
o1(A)

subject to (3.11). Returning to (3.10), we obtain

(3.14) > oh2(Mif)&i&j =2 ) ok2(Mia)? < —-
iF£] iFa

ko or_1(\a)
-1 0'1()\)

(G')2ui.

To handle zero eigenvalues, recall that oz(\) > 0, so ox_1(A|a)) > 0 for every a. Let
AE:()\1+€,)\2+€,"‘,AN+€), e >0,
keep & = &; for ¢ # a, and define

e = ~ Yita kal(/\sli)gi‘
“ op—1(X°[a)
Then >, 04_1(X]i)&f = 0 and & — & as ¢ — 0. Applying (3.14) to (A%,&°), with G'uq
replaced by ), £, and letting € — 0, we obtain the desired estimate by (3.3).
Finally, recalling that & = w; and o1(\) = G, we have
. . ko (G')?
3 oaNi 23 ona(Mia)e? < — (&)
i#j ia
Together with (3.5), this estimate implies that

op_1(Ma)uZ.

Ap—kG'op < [G" — k(@) > or1(Maju
= k-1 G )&= o
By the structural condition (1.3), we conclude that A¢ < kG'¢p. Since G’ < 0 and
¢(xg) > 0, this yields
0 < A¢(xg) < kG (u(xg))9(z0) < 0,

a contradiction. Hence ¢(zg) = 0.
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Since V2u has constant rank r in €2, the identity ot (V2u(zo)) = 0 and V?u > 0 imply
that » < k — 1. Moreover, Au = G > 0 gives r > 1. It follows that o4 (V?u) = 0 in ,
which completes the proof. O
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